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QUANTITATIVE LEVEL LOWERING FOR GALOIS REPRESENTATIONS
NAJMUDDIN FAKHRUDDIN, CHANDRASHEKHAR KHARE, AND RAVI RAMAKRISHNA
Abstract. We use Galois cohomology methods to produce optimal mod pd level lowering congru-
ences to a p-adic Galois representation that we construct as a well chosen lift of a given residual
mod p representation. Using our explicit Galois cohomology methods, for F a number field, ΓF
its absolute Galois group and G a reductive group, k a finite field, and a suitable representation
ρ¯ : ΓF Ñ Gpkq, ramified at a finite set of primes S, we construct under favorable conditions lifts ρ,
tρqu of ρ¯ to GpW pkqq for q P Q with Q a finite set of places of F . The lifts tρqu have the following
properties: ρ : ΓF Ñ GpW pkqq is ramified precisely at S Y Q; for q P Q, ρ
q : GF Ñ GpW pkqq is
unramified outside S Y Qztqu and ρ and ρq are congruent mod pd if ρ mod pd is unramified at q.
Furthermore, the Galois representations tρqu are “independent”.
1. Introduction
The study of congruences between modular forms is an important ingredient in studying the
relationship between deformation rings of Galois representations and Hecke algebras. The work of
Ribet on level raising and level lowering congruences between modular forms, cf. [Rib84], [Rib90],
used cohomological and arithmetic-geometric properties of Jacobians of modular curves. More
recently the lifting method of [KW09], and its generalizations in [BLGGT14], produces level raising
and lowering congruences between Galois representations (and a fortiori automorphic forms) using
automorphy lifting methods which have their origin in [Wil95].
1.1. Our results. In this paper we use Galois cohomology to produce congruences between Galois
representations which do not seem accessible by the usual methods. For instance, in the classical
case of irreducible odd representations ρ¯ : ΓQ Ñ GL2pkq with k a finite field of characteristic p ą 3,
we prove the following theorem which does not seem amenable to geometric (cf. [Rib84], [Rib90])
or automorphy lifting (cf. [KW09]) methods. Here for a field F we denote by ΓF its absolute Galois
group.
Theorem 1 (see Theorem 4.1). Let ρ¯ : ΓQ Ñ GL2pFpq be an odd, irreducible modular mod p ą 3
surjective representation of square-free conductor Npρ¯q “ N and finite flat at p with determinant
the mod p cyclotomic character. Assume that the minimal Selmer group is non-zero. Then there are
newforms f P S2pΓ0pNΠqPQqqq, with Q “ tq1, ¨ ¨ ¨ , qru a finite ordered set of primes that are coprime
to Np, such that the corresponding Galois representation associated to an embedding ι : Q ãÑ Qp,
ρf,ι : ΓQ Ñ GL2pZpq lifts ρ¯ and has the following properties:
‚ ρf,ιpτqq, for τq a generator of the Zp-quotient of the inertia group Iq at q, is of the formˆ
1 pd
0 1
˙
, for all q P Q and for some integer d ě 1.
‚ For each 1 ď i ď r, there is a subset Qi of Q that omits qi and contains tq1, ¨ ¨ ¨ , qi´1u, and
there is a newform fi in S2pΓ0pNΠqPQiqqq, new at Qi, with fi congruent to f modulo p
d.
We regard our result as a quantitative level lowering result for the p-adic Galois representation
ρf,ι. As we show in §4, the web of “independent” level-lowering congruences we produce in such a
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result can be used in proving automorphy lifting results. Note that the terminology of quantitative
level-lowering has been used earlier in [PW11]. (The technical condition of the initial dual Selmer
being non-trivial for our applications is not too burdensome, otherwise the minimal deformation
ring is smooth and hence proven to be isomorphic to the corresponding Hecke algebra by the results
of [DT94].)
Theorem 1 is a particular case of the main result of this paper, Theorem 2.17, which we now
state. We refer to §1.3 for the basic notation used in the theorem, and the main body of the paper
for the precise assumptions.
Theorem 2 (see Theorem 2.17). Let F be any number field, S a finite set of finite primes of F
and ρ¯ : ΓS Ñ Gpkq a continuous representation. We assume ρ¯ has “large image” (i.e., satisfies
Assumption 2.1) and p “ charpkq is sufficiently large (i.e., the hypotheses of Proposition 2.4 hold).
We assume further that we are given smooth local conditions N “ tNvuvPS for ρ¯ which are “bal-
anced”, i.e., the dimensions of the corresponding Selmer and dual Selmer groups are equal (see
Assumption 2.14) to an integer n which we assume is nonzero. Then there exists an ordered set
Q “ tq1, q2, . . . , qmu of nice primes of F (see Definition 2.3), m P tn ` 1, n ` 3u, and an integer
d ě 1 such that
‚ Q is auxiliary (see Definition 2.16) and the versal deformation ρQ´newSYQ : ΓSYQ Ñ GpR
Q´new
SYQ q “
GpW pkqq is ramified mod pd`1 at all q P Q.
‚ for each 1 ď i ď m there is an auxiliary set Qi Ă Q satisfying
– tq1, q2, . . . , qi´1u Ă Qi,
– qi R Qi,
– ρQi´newSYQi ” ρ
Q´new
SYQ mod p
d, ρQi´newSYQi mod p
d is special (see Definition 2.11) at qi but
ρ
Qi´new
SYQi
mod pd`1 is not special at qi.
Our Galois cohomological method to produce congruences has its origin in the method of lifting
mod p Galois representations to characteristic 0 introduced in [Ram02]. The last author showed in
loc. cit. that given an odd irreducible representation ρ¯ : ΓQ Ñ GL2pkq satisfying mild technical con-
ditions, with k a finite field of characteristic p, there is a geometric lift that is uniquely determined
by suitably chosen ramification conditions (e.g., the condition of being Steinberg at the finite set Q
of auxiliary primes). This method has been generalized by Patrikis in [Pat16] to the setting of odd
representations ρ¯ : ΓF Ñ Gpkq, with G a reductive algebraic group over W pkq and F a CM field.
(The results in loc. cit. are proved under several technical hypotheses which we will need to assume
in our work as well, see Theorem 2.17 below: for example, the image of ρ¯ is assumed to be large in
a suitable sense. We note that the recent paper [FKP19] addresses lifting residual representations
without assuming they have large image.)
In the lifting method of [Ram02] in the classical case (and its generalization in [Pat16]) one
considers deformations of ρ¯ (to complete Noetherian local W pkq-algebras with residue field k) that
are unramified outside S Y Q with Q a suitable auxiliary finite set of places. Here S consists of
places at which ρ¯ is ramified and the places above p,8 with balanced (a condition that we explain
below), smooth, minimal deformation conditions at these places. The set Q consists of residually
Steinberg places v, i.e., v such that (in the 2-dimensional case) ρ¯pFrobvq has eigenvalues αv, βv with
ratio αv{βv “ qv ‰ ˘1 mod p. The deformation condition for v P Q is the Steinberg condition
at v, i.e., deformations such that the image of (a lift of) Frobv has eigenvalues α˜v, β˜v, which lift
αv, βv and their ratio α˜v{β˜v “ qv. This condition is smooth, is non-minimal, has Zariski tangent
space of dimension h0pΓv, Ad
0ρ¯q, and cuts out a subspace of the local cohomology that intersects
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the unramified cohomology in a codimension one subspace. The corresponding deformation prob-
lem is balanced and thus the resulting deformation ring RQ´newSYQ has a presentation of the form
W pkqrrX1, ¨ ¨ ¨ ,Xrss{pf1, ¨ ¨ ¨ , frq with r “ h
1
L “ h
1
LK
, the dimension of the corresponding Selmer
and dual Selmer groups.
The main innovation of [Ram02], as formulated in [Tay03], is a method of killing the dual Selmer
group for a residual representation ρ¯ when deformation conditions considered at auxiliary places
are smooth. (Killing dual Selmer for ρ¯ with smooth conditions is essential to lift ρ¯ to characteristic
0. The method in [Wil95] to kill dual Selmer allows unrestricted ramification at auxiliary primes
considered there, and the vanishing of the dual Selmer group achieved in [Wil95] does not imply
the existence of liftings of ρ¯, as the unrestricted local conditions at the auxiliary primes considered
in [Wil95] are not smooth.) It produces a set Q consisting of finitely many residually Steinberg
places for ρ¯ as above with the Steinberg deformation condition at these places, such that the global
deformation problem is smooth. The corresponding balanced smooth deformation ring RQ´newSYQ is
W pkq.
The work of [KR03] in the classical case, and its generalization in [MMS17] and [Pat17] to
the context of G-valued representations considered in [Pat16], shows that we can choose Q with
the further property that the universal representation ρQ´newSYQ is ramified at primes in Q. This
gives that the augmentation π : RSYQ Ñ R
Q´new
SYQ , where RSYQ parametrizes deformations with
arbitrary ramification allowed atQ but the same balanced deformation conditions at v P S, has finite
cotangent space Kerpπq{Kerpπq2, and thus the Q-new quotient RQ´newSYQ “ W pkq is an irreducible
component of RSYQ. The main work in this paper is to construct such Q with the additional
property that there are congruences of π to other augmentations which can be thought of as level
lowering congruences.
Building on [Ram02] and its generalization in [Pat16] to G-valued representations, and upon
the “doubling method” of [KLR05], we prove Theorem 2.17 below in §2. The second author had
conceived of a result like Theorem 1 at the time of writing [Kha03], but was unable to prove it at
the time. Our proof draws upon developments of the method of the third author [Ram02] since
that time (cf. [KLR05]).
1.2. Motivation. One of the motivations of our work is an attempt to find a technique to prove
that certain deformation rings are of the expected dimension. Let ρ¯ : ΓF Ñ Gpkq be a continuous,
irreducible representation with G a reductive algebraic group over W pkq. Let S be a finite set of
places S of F , where S includes the places of F above p, all the infinite places of F , and places at
which ρ¯ is ramified. We consider deformations ρ : ΓF Ñ GpRq of ρ¯ to complete noetherian local
W pkq-algebras R with residue field k. At places outside S the deformation condition is that of
being unramified, and at places in S the deformations Dv satisfy an infinitesimal lifting property
(i.e., smoothness), and the corresponding tangent spaces Lv satisfy one of the following:
– favorable condition
ř
vPS dimkLv ě
ř
vPS h
0pΓv, ρ¯pg
derqq, or the more restrictive,
– balanced condition
ř
vPS dimkLv “
ř
vPS h
0pΓv , ρ¯pg
derqq.
Here ρ¯pgderq denotes the Lie algebra of the derived group of G with the action of ΓF induced
by composing ρ¯ with the adjoint representation of G. Typically this is achieved by imposing
deformation conditions at places of S not above p (and 8) such that dimkLv “ h
0pΓv, ρ¯pg
derqq, and
at places above p that
ř
vPSp
dimkLv ě
ř
vPSp
h0pΓv, ρ¯pg
derqq `
ř
vPS8
h0pΓv, ρ¯pg
derqq. (The spaces
Lv are trivial for v the infinite places of F (for p ą 2).) We have the corresponding Selmer and
dual Selmer groups H1LpΓF , ρ¯pg
derqq and H1
LK
pΓF , ρ¯pg
derqq whose dimension over k is denoted by
h1L and h
1
LK
. When deformation conditions are favorable we have the inequality h1L ě h
1
LK
, and in
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the balanced case the equality h1L “ h
1
LK
. We remark that known methods to produce geometric
liftings succeed only when these dimensions satisfy the favorable inequality h1L ě h
1
LK
.
As we are assuming the deformation conditions are smooth and balanced at places in S (e.g.,
minimal deformation conditions), the corresponding deformation ring RS has a presentation as
a quotient W pkqrrX1, ¨ ¨ ¨ ,Xrss{pf1, ¨ ¨ ¨ , frq, with r “ h
1
L “ h
1
LK
. In favorable situations one
expects that if in addition the local conditions are natural (unrestricted, ordinary,. . . ) then the
corresponding deformation ring is a finite flat complete intersection of relative dimension h1L´h
1
LK
over W pkq. Thus in balanced situations one might expect that in many cases the ring RS is a finite,
and flat, W pkq-module. (This may not always be the case as was pointed out to us by G. Boxer
and F. Calegari. 1)
Let RQ´newSYQ be the deformation ring that parametrizes deformations ρ : ΓSYQ Ñ GpAq of ρ¯ (with
fixed multiplier ν), with A a complete Noetherian local W pkq-algebra with residue field k, that are
unramified outside S Y Q and satisfy suitable balanced deformation conditions Dv at v P S Y Q.
Further let RSYQ be the deformation ring that parametrizes deformations ρ : ΓSYQ Ñ GpAq of
ρ¯ with the same balanced conditions Dv at v P S, but the conditions at v P Q are relaxed (cf.
§3). Using Theorem 2.17 we get an auxiliary set Q such that RQ´newSYQ is W pkq. We thus get
an augmentation π : RSYQ Ñ R
Q´new
SYQ “ W pkq which gives rise to the Galois representation
ρ
Q´new
SYQ : ΓSYQ Ñ GpR
Q´new
SYQ q “ GpW pkqq such that that ρ
Q´new
SYQ is ramified at all the primes in
Q. Furthermore there is an integer d such that ρQ´newSYQ mod p
d is unramified at all the primes in
Q, and ρQ´newSYQ mod p
d`1 is ramified at all the primes in Q.
This allows one to prove that the cotangent space at π is finite, and in fact we can compute it to
be exactly ‘qPQW pkq{p
d (Theorem 3.1). Wiles’s numerical criterion, which we attempt to enhance
in §A (Proposition A.1), suggests that if we can verify his numerical coincidence #Φpi “ #W pkq{ηpi,
with Φpi the cotangent space of π and ηpi “ πpAnnRSYQpKer πqq, in this situation we could get a grip
on RSYQ (and hence RS). The depth of πpAnnRSYQpKerπqq is related to congruences between π
and other augmentations, and we produce in a sense optimal level lowering congruences to ρQ´newSYQ .
This still falls short of getting the Wiles numerical coincidence, but is suggestive of it.
Here is a description of the contents of the paper. In the key §2 we prove our main theorem
Theorem 2.17. In §3 we give an exact computation of Selmer groups associated to the Galois
representation we construct and prove that it is a smooth point of the relevant deformation ring.
In §4 we illustrate the use of our main theorem, in conjuction with Wiles’s numerical isomorphism
criterion, to prove automorphy lifting in the classical case. In §A we refine Wiles’s numerical
isomorphism criterion, which was prompted by the motivation we mention above.
1.3. Notation. For a field K, ΓK will denote the absolute Galois group of K. If F is a number field
and q is a prime of OF , the ring of integers of F , then the absolute Galois group of the completion
of F at q will be denoted by Γq with Iq Ă Γq denoting the inertia subgroup; we will implicitly
identify, by making a choice, Γq with a decomposition subgroup of ΓF . For X a finite set of (finite)
1Here is an example suggested by Boxer and Calegari which illustrates that favorable deformation conditions may
not always imply that the generic fiber of the corresponding deformation ring has the expected relative dimension
h1L ´ h
1
LK
. Consider 2-dimensional ordinary representations for a CM field K with totally real subfield F , ρ¯ : ΓK Ñ
GL2pkq, and impose the favorable deformation condition that the weights are equal at complex conjugate places of
K above p. Then the dimension of the ordinary deformation ring of ρ¯ will be bigger than the expected dimension
(“ 0) if ρ¯ is restricted from the totally real subfield. The locus of lifts which come by restriction from F gives a
component of dimension rF : Qs. The “discrepancy” of the actual dimension from the expected one is “explained by
functoriality”.
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primes of OF , ΓX denotes the group GalpFX{F q, where FX is the maximal extension of F (in a
fixed algebraic closure) unramified outside primes in X (and the infinite primes). Throughout this
paper we fix a rational prime p and denote let κ : ΓF Ñ Z
ˆ
p be the p-adic cyclotomic character; we
also use κ to denote the characters arising from κ by restriction to subgroups of ΓF , on quotients
of ΓF by subgroups containing Kerpκq, or by extension of scalars to any Zp-algebra R. We let k be
a finite field of characteristic p and W pkq the ring of Witt vectors of k.
For M a finitely generated free module over a Zp-algebra R we let M
_ denote the module
HomRpM,Rq. If M also has a Galois action we denote by M
˚ the Galois module HomRpM,Rpκqq.
For M a finite W pkq-module, ℓpMq denotes the length of M .
Let G be a split (connected) reductive group scheme over W pkq and let Gsc be the simply
connected cover of the derived group scheme Gder “ rG,Gs; we assume that Gder is almost simple.
(We could work with somewhat more general G, but we have made the above assumptions in order
to avoid technicalities.) Let µ : G Ñ C be the maximal torus quotient of G. Let g be the Lie
algebra of G and gder the Lie algebra of Gder; it is also the kernel of the map on Lie algebras induced
by µ. We assume throughout that p is greater than the Coxeter number of G: this implies that the
Killing form on gder is nondegenerate (by, e.g., [SS70, I.4.8]).
1.4. Acknowledgements. N.F. was supported by the DAE, Government of India, PIC 12-R&D-
TFR-5.01-0500. C.K. was partially supported by NSF grant DMS-1601692 and a Humboldt Re-
search Award, and thanks TIFR for its hospitality in periods during which the work was carried
out. R.R. was partially supported by Simons Collaboration grant #524863. We thank Mohammed
Zuhair for helpful conversations.
We thank the referee for carefully reading the manuscript and making many helpful suggestions.
2. Quantitative level lowering for Galois representations
The main result of this section is Theorem 2.17. We begin by introducing nice primes and prove
several local results related to them. After this, the main theorem is stated precisely in §2.3. We
then prove some global lemmas and the main steps of the proof are given in §2.6, §2.7 and §2.8.
Let F be a number field and and ρ¯ : ΓF Ñ Gpkq a continuous homomorphism. Let S be a finite
set of places of OF including all primes ramified in ρ¯, all primes lying over p and all infinite places;
henceforth we view ρ¯ as a map ΓS Ñ Gpkq. Fix ν : ΓS Ñ CpW pkqq a continuous lift of the map
µ ˝ ρ¯ : ΓS Ñ Cpkq and use the same notation for all maps induced by ν (in the same way as for
κ). All (local and global) deformations that we consider will have “fixed determinant”, i.e., give ν
after composing with µ.
Denote by ρ¯pgderq the composition of ρ¯ with the adjoint representation of Gpkq on gderk . The tan-
gent space of the fixed determinant deformation functor corresponding to ρ¯ is given byH1pΓ, ρ¯pgderqq,
where Γ is a local or global Galois group.
From now on, unless explicitly stated otherwise, we make the following assumption on ρ¯:
Assumption 2.1. ρ¯pΓSq contains the image of G
scpkq in Gpkq.
Remark 2.2. Since p is greater than the Coxeter number of G, p is a “very good” prime for G,
hence gderk is an irreducible representation of G; this is a consequence of the simplicity of the Lie
algebra gderk (e.g., [Ste61, §2.6]). It follows from [Ste16, Theorem 43] that g
der
k is an absolutely
irreducible representation of Gscpkq; moreover, the only FprG
scpkqs–submodules of gderk are 0 and
gderk . To see the “moreover”, we observe that by Steinberg’s theorem the FprG
scpFpqs–submodules
of gderFp are 0 and g
der
Fp
, and gderFp generates g
der
k as an FprG
scpkqs–module.
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It then follows from the first condition that h0pΓS , ρ¯pg
derqq “ h0pΓS , ρ¯pg
derq˚q “ 0, so the global
deformation functor is representable.
2.1. Nice primes. Under our assumptions on ρ¯ we prove the existence of (a Chebotarev set of)
primes q that will make up the auxiliary set Q of Theorem 2.17.
Definition 2.3. A prime q of OF is called a nice prime for ρ¯ if:
(1) Normpqq is not congruent to ˘1 mod p;
(2) ρ¯pIqq “ t1u and ρ¯pFrobqq is a regular semisimple element of Gpkq;
(3) there is a unique root α of ΦpG,T q, with T the identity component of the centralizer of
ρ¯pFrobqq in G (assumed to be a maximal split torus of G), such that Γq acts on gα (the
corresponding root space) by κ.
The uniqueness of the root α plays an essential role in our proofs.
Proposition 2.4. Let ρ¯ be as above and assume in addition that:
‚ rF pµpq : F s “ p´ 1;
‚ p´ 1 is greater than the maximum of 8#ZGsc and#
p2h ´ 2q#ZGsc if #ZGsc is even, or
p4h ´ 4q#ZGsc if #ZGsc is odd,
where h is the Coxeter number of G and ZGsc is the (finite) centre of G
sc.
Then
(1) h1pGalpK{F q, ρ¯pgderqq “ h1pGalpK{F q, ρ¯pgderq˚q “ 0, where K “ F pρ¯pgderq, µpq;
(2) there exists a non-empty Chebotarev set of nice primes for ρ¯.
Proof. We follow the proof of [Pat16, Theorem 6.4].
Set L “ F pµpq X F pρ¯pg
derqq. It is shown after the proof of [Pat16, Lemma 6.6] that rL : F s 
#ZGsc , so the two assumptions together imply that F pµpq Ć F pρ¯pg
derqq. Then (1) follows from
[Pat16, Lemma 6.6].
The differences in our setup as compared to that of [Pat16, Theorem 6.4] are the extra conditions
(1) and (3) in the definition of nice primes, so we explain the necessary modifications.
Claim 2.5. There is a regular semisimple element x P ρ¯pΓLqXG
derpkq contained in a split maximal
torus T of G and a root α P ΦpG,T q, such that
‚ βpxq ‰ αpxq for any root β ‰ α,
‚ αpxq lies in GalpF pµpq{Lq, where we use the canonical identification GalpF pµpq{F q – F
ˆ
p ,
‚ αpxq ‰ ˘1.
Assuming the claim, choose τ P ΓL so that ρ¯pτq “ x. Then there exists σ P GalpK{Lq such that
‚ σ ÞÑ τ |F pρ¯pgderqq P GalpF pρ¯pg
derqq{Lq,
‚ σ ÞÑ αpxq P GalpF pµpq{F q.
The desired Chebotarev set of nice primes is the set of primes q of OF whose Frobenius element in
GalpK{F q is (conjugate to) σ. The image of σ in Gadpkq is equal to the image of x, so the image
of σ in Gpkq lies in T pkq and is regular semisimple.
We now prove the claim:
For any generator g P kˆ, we let t “ g
#ZGsc
2 or t “ g#ZGsc depending on whether #ZGsc is
even or odd. The element 2ρ_pgq (where 2ρ_ is the sum of the positive coroots) is in the image
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of Gscpkq, hence in ρ¯pΓF q, so by the discussion at the beginning of the proof 2ρ
_ptq P ρ¯pΓLq. It
is regular, since for all positive roots β, βpxq “ t2htβ, the maximum height of a root is h´ 1, and
none of t2, t4, . . . , t2h´2 equals 1 (or even ´1) by our assumption on p. Also, for any positive root
β, βpxq P GalpF pµpq{Lq.
We then take α to be the highest root (usually denoted by δ), i.e., the unique positive root of
height h ´ 1. All the elements t2, t4, . . . , t2h´2, t´2, t´4, . . . , t´p2h´2q of kˆ are distinct (and not
equal to ˘1) by our assumptions on p, so αpxq ‰ βpxq for any root β ‰ α, proving the claim. 
Remark 2.6. The bounds for p in Proposition 2.4 are not the best possible and can be improved for
particular choices of G. IfG “ GL2 and p ě 5 then rL : F s ď 2, so the condition F pµpq Ć F pρ¯pg
derqq
(used in the proof) is satisfied whenever rF pµpq : F s ą 2. Also, from [DDT97, Lemma 2.48] one
sees that the vanishing in (1) holds whenever |k| ą 5 or k “ F5 and ρ¯pΓF q “ GL2pF5q.
Let α be the standard positive root and set d :“ rF pµpq : Ls. Since ρ¯pΓLq Ą SL2pkq, if
rL : F s “ 2 we may take x to be
”
b 0
0 b´1
ı
, with b “ app´1q{2d for a any generator of Fˆp . Then
αpxq “ app´1q{d ‰ ˘1 if d ą 2. If F “ L we may take x to be
”
b 0
0 b´1
ı
, with b “ app´1q{d for a any
generator of Fˆp . Then αpxq “ a
2pp´1q{d ‰ ˘1 if d ą 4. In either case, we see that the bulleted
conditions in Claim 2.5 are satisfied if rF pµpq : F s ą 4 and so (2) also holds in this case.
Now suppose rF pµpq : F s “ 4 and ρ¯pΓF q Ą GL2pFpq. If F “ L we may take x to be
”
b 0
0 1
ı
, with
b “ app´1q{4 and a any generator of Fˆp . Then αpxq “ b ‰ ˘1 so again (2) holds. If F ‰ L, suppose
that detpρ¯q is κ (resp. κ´1), so p “ 5 (since ρ¯pΓF q Ą GL2pFpq). Without appealing to (the proof of)
Proposition 2.4, one sees in this case that we may take any prime whose Frobenius in GalpF pρ¯q{F q
is
”
a 0
0 1
ı
(resp.
”
1 0
0 a
ı
).
Lemma 2.7. Let p ě 5 be a very good prime for G and let H be a subgroup of GadpW pkq{pnW pkqq
whose image in Gadpkq contains the image of Gscpkq. Then
(1) H contains the kernel of the reduction map GadpW pkq{pnW pkqq Ñ Gpkq.
(2) For t ď n, let Ht be the image of H in G
adpW pkq{ptW pkqq. The sequence
0Ñ Kt Ñ Ht Ñ Ht´1 Ñ 1
is nonsplit for all t ě 2. Here Kt is the kernel of the reduction map Ht Ñ Ht´1 which,
using (1), can be seen to be isomorphic to gderk .
Proof. This is a simple consequence of results from [Vas03].
To prove (1), let H 1 be the inverse image of H in GscpW pkqq. Since H contains the image of
Gscpkq, it follows that H 1 surjects onto Gscpkq so by [Vas03, Theorem 1.3] H 1 “ GscpW pkqq. Since p
is very good, the map on Lie algebras induced by the homomorphism Gsc Ñ Gad is an isomorphism,
so KerpGscpW pkqq Ñ Gscpkqq maps onto KerpGadpW pkqq Ñ Gadpkqq, giving (1).
The statement in (2) for t “ 2 is Propostion 4.4.1 of [Vas03], where it is the main ingredient
in the proof of the main theorem. In fact, in our setting of a split group with p ě 5 a very good
prime, (2) can be reduced to the case of SL2 (see the first paragraph of loc. cit.). In this case it
follows from the fact that the matrix A “
“
1 pt´2
0 1
‰
, viewed as an element of SL2pW pkq{p
t´1W pkqq,
is of order p but there is no matrix of order p in SL2pW pkq{p
tW pkqq reducing to A. 
The following analogue of Fact 5 from [KLR05] plays a crucial role in allowing us to find nice
primes with various desired properties.
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Lemma 2.8. Let ρn be a deformation of ρ¯ to W pkq{p
nW pkq. Let tf1, f2, . . . , fru be k-linearly inde-
pendent in H1pΓF , ρ¯pg
derqq and tφ1, φ2, . . . , φsu be k-linearly independent in H
1pΓF , ρ¯pg
derq˚q. Let
K “ F pρ¯pgderq, µpq as before, and let Kfi (resp. Kφj ) be the fixed field of the kernel of the restric-
tion of fi (resp. φj) to ΓK . Then as an FprGalpK{F qs-module GalpKfi{Kq (resp. GalpKφj {Kq) is
isomorphic to ρ¯pgderq (resp. ρ¯pgderq˚). Let KPn be the fixed field of the kernel of the composite of
ρn with the adjoint representation GpW pkq{p
nW pkqq Ñ GLpgder
W pkq{pnW pkqq. Then each of the fields
Kfi , i “ 1, . . . , r, Kφj , j “ 1, . . . , s, KPn , Kpµpnq is linearly disjoint over K with the compositum
of the others.
Let L “ F pµpq X F pρ¯pg
derqq, and let x P ρ¯pΓLq X G
derpkq, T and α be as in Claim 2.5. For
i “ 1, 2, . . . , r, let ai P g
der
k be any element fixed by x and for j “ 1, 2, . . . , s, let bj P pg
der
k q
_ be any
element on which x acts by α´1pxq. Furthermore, let y be any element of the image of ρn reducing
to x. There exists a Chebotarev set of nice primes q such that
(1) ρ¯pFrobqq “ x,
(2) for i “ 1, 2, . . . , r, fi|Γq (which is an element of H
1
nrpΓq, ρ¯pg
derqq so can be viewed as a
homomorphism Γq{Iq Ñ pg
der
k q
Frobq) is given by Frobq ÞÑ ai,
(3) for j “ 1, 2, . . . , s, φj |Γq (which is an element of H
1
nrpΓq, ρ¯pg
derq˚q so can be viewed as a
homomorphism Γq{Iq Ñ ppg
der
k q
˚qFrobq) is given by Frobq ÞÑ bj ,
(4) ρnpFrobqq “ y.
Proof. Our assumptions on ρ¯ and p and Remark 2.2 imply that ρ¯pgderq and ρ¯pgderq˚ are non-
isomorphic irreducible FprΓF s-modules (with endomorphism ring k), so the statements about the
images of the cocycles and linear disjointness of Kfi and Kφj are immediate consequences of Propo-
sition 2.4, (1).
We have to do a little more work in order to includeKPn . For this we consider the exact sequences
1Ñ GalpKfi{Kq Ñ GalpKfi{F q Ñ GalpK{F q Ñ 1
and
1Ñ GalpKφj{Kq Ñ GalpKφj {F q Ñ GalpK{F q Ñ 1 .
The first short exact sequence, viewed as an element of H2pGalpK{F q, ρ¯pgderqq, is obtained by first
restricting fi to ΓK and then applying the map H
1pΓK , ρ¯pg
derqqGalpK{F q Ñ H2pGalpK{F q, ρ¯pgderqq
from the inflation-restriction sequence, the exactness of which then implying that this element is
zero. Thus, the sequence splits and the same argument implies that the second sequence also splits.
For any t ď n, let ρt be the reduction of ρn modulo p
t. By Lemma 2.7 (1) the image of ρ˜t, the
composite of ρt with the adjoint representation as above, contains the image of G
scpW pkq{pnW pkqq.
Furthermore, it follows from Lemma 2.7 (2) that the induced extensions
1Ñ gderk Ñ Impρ˜tq Ñ Impρ˜t´1q Ñ 1
are non-split for t ě 2.
Given the above, we get (strong) linear disjointness of all the Kfi , Kφj and KPn : the fields Kfi
for varying i are strongly linearly disjoint because the fi are k-linearly independent and similarly
for the Kφj and The fact that Kpµpnq is linearly disjoint from the compositum of all these fields
follows from the fact that GalpK{F q acts trivially on GalpKpµpnq{Kq while the Galois groups of
the other extensions have no such non-trivial quotient by Remark 2.2.
To construct the desired Chebotarev set of nice primes we proceed as follows:
We apply (the proof) of Proposition 2.4 to get a Chebotarev set of nice primes q for ρ¯pgderq in OF
determined by the choice of a suitable Frobenius element σ P GalpK{F q (with K “ F pρ¯pgderq, µpq).
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The conditions in (2), (3) and (4) are all Chebotarev conditions on the field extensions Kfi{K,
Kφj{K and KPn{K and then the linear disjointness proved above implies that all these conditions
can be realised simultaneously by choosing a suitable element of Galp rK{F q, with rK the compositum
of all the Kfi , Kφj and KPn . 
2.2. Local computations I.
2.2.1. Let Γ be the absolute Galois group of any local field with residue characteristic prime
to p. We recall that for any W pkqrΓs-module M which is finite as a W pkq-module Tate’s Euler
characteristic formula states ([Mil06, Theorem 2.8]) :
(2.1) ℓpH0pΓ,Mqq ´ ℓpH1pΓ,Mqq ` ℓpH2pΓ,Mqq “ 0.
Furthermore, if M is a free W pkq{pn-module for some n, then local Tate duality gives a perfect
pairing ([Mil06, Corollary 2.3]):
(2.2) H ipΓ,Mq ˆH2´ipΓ,M˚q
Y
Ñ H2pΓ, pW pkq{pnqpκqq
invq
– W pkq{pn.
2.2.2. The local condition at nice primes. For a root α P ΦpG,T q we let Tα be the identity com-
ponent of Kerpαq, tα its Lie algebra and we let lα be the Lie algebra of the image of the coroot
associated to α, so t “ tα ‘ lα. We denote by Hα the subgroup of G generated by T and Uα (the
corresponding root subgroup of G), so α extends to a homomorphism Hα Ñ Gm.
Associated to a nice prime q there is a smooth deformation condition Dq introduced in [Pat16],
generalizing the one introduced for GL2 in [Ram02]. Lifts ρ : Γq Ñ GpAq (of ρ¯|Γq Ñ Gpkq) to Artin
local W pkq-algebras A with residue field k are in Dq if they are pGpAq conjugate to lifts factoring
through HαpAq and such that α ˝ ρ : Γq Ñ A
ˆ is κ; this condition forces ρpIqq to be contained in
UαpAq. Its tangent space is Nq “ H
1pΓq,W q Ă H
1pΓq, ρ¯pg
derqq, where W “ tα ‘ gα. We refer to
[Pat16, §4.2] for the proofs.
2.2.3. From now on we will assume that all nice primes q we consider correspond to some fixed
element of ρ¯pΓSq X T pkq (for a fixed split maximal torus T ) and a fixed root α P ΦpG,T q. That
such primes suffice for our needs is due to Remark 2.2. To simplify notation in what follows,
we fix isomorphisms of lα and g
˚
α with k; for lα we use the natural one corresponding to the
map on Lie algebras induced by α_ but for g˚α there is no canonical choice. For nice primes
q as above these isomorphisms are also isomorphisms as Γq-modules (with the trivial action on
k). Using these identifications, for f P H1pΓq, ρ¯pg
derqq we will denote by fpFrobqq the element of
k obtained by evaluating the lα component of f (which is a homomorphism Γq Ñ k) at Frobq.
Similarly, for φ P H1pΓq, ρ¯pg
derq˚q we will denote by φpFrobqq the element of k corresponding to
the g˚α component of φ. (These elements are well defined since Normpqq ı 1 mod p implies that
H1pΓq, kq “ H
1
nrpΓq, kq.)
The lemma below is the reason why we work with nice primes rather than the more general class
of primes used in [Pat16, §4.2]: without the uniqueness of the root α none of the statements would
be true and we would not have enough control to make our global arguments work.
Lemma 2.9. For q a nice prime for ρ¯ we have:
(1) h1pΓq, ρ¯pg
derqq ´ h0pΓq, ρ¯pg
derqq “ 1.
(2) h1pΓq, ρ¯pg
derqq ´ dimNq “ 1.
(3) Fix f P H1pΓq, ρ¯pg
derqq ramified at q. Then for all unramified φ P H1nrpΓq, ρ¯pg
derq˚q,
invqpf Y φq “ γfφpFrobqq, where γf is a nonzero constant depending only on f .
10 NAJMUDDIN FAKHRUDDIN, CHANDRASHEKHAR KHARE, AND RAVI RAMAKRISHNA
(4) Fix φ P H1pΓq, ρ¯pg
derq˚q ramified at q. After appropriately scaling φ, for any f P H1nrpΓq, ρ¯pg
derqq
we have invqpf Y φq “ fpFrobqq.
Proof. Let χ : Γq Ñ k
ˆ be any character and denote the associated Γq–module by kpχq. We
then have that H ipΓq, kpχqq “ 0 for all i if χ is not trivial or the cyclotomic character: this well-
known fact follows from (2.2) and (2.1) since the computation of h0 is trivial, h2 is computed
using duality, and then h1 can be determined using the vanishing of the Euler characteristic. For
the trivial character we have h0pΓq, kq “ h
1pΓq, kq “ 1 and h
2pΓq, kq “ 0 and for the cyclotomic
character κ we have h0pΓq, kpκqq “ 0 and h
1pΓq, kpκqq “ h
2pΓq, kpκqq “ 1.
From the definition of niceness, it follows that ρ¯pgderq˚ is a sum of characters of Γq, precisely one
of which is trivial, so h0pΓq, ρ¯pg
derq˚q “ h2pΓq, ρ¯pg
derqq “ 1 which gives (1) using (2.1). The claim
in (2) follows from (1) since ([Pat16, Lemma 4.11 (2)])
dimpNqq “ h
1
nrpΓq, ρ¯pg
derqq “ h0pΓq, ρ¯pg
derqq.
To prove (3) and (4) we use the fact that H1nrpΓq, ρ¯pg
derqq pairs trivially with H1nrpΓq, ρ¯pg
derq˚q.
We also have H1pΓq, tq “ H
1
nrpΓq, tq since the action is trivial and H
1pΓq, gβq “ H
1
nrpΓq, gβq for any
root β ‰ α (and this is nonzero iff the action on gβ is trivial).
Thus, invqpf Y φq in 3) is determined by the gα component of f and this pairs non-degenerately
with the g˚α component of φ, so (3) follows. The proof of (4) is dual to this, so we skip the
details. 
Remark 2.10. While the proofs of parts (3) and (4) of Lemma 2.9 are dual to one another, we
will apply them as asymmetrically stated, especially in Case 3) of the proof of Theorem 2.17.
Definition 2.11. We will say that a lift of ρ¯ to GpW pkq{pnW pkqq is special2 at a nice prime q if
its restriction to Γq lies in Dq.
For α a root associated to a nice prime as constructed in Proposition 2.4, let Gα be the subgroup
of G generated by Uα and U´α (which is isomorphic to SL2 or PGL2). Let Sα be the subgroup of
G generated by Gα and T ; it is a (split) reductive group of semisimple rank one, so is isomorphic to
GL2ˆT
1, SL2ˆT
1 or PGL2ˆT
1, for some split torus T 1. Henceforth, we fix such a decomposition
with the property that α corresponds to the standard positive root of GL2, SL2 or PGL2 and
T “ T 1D with D the (image of) the diagonal matrices in the first factor.
Lemma 2.12. Let q be a nice prime for ρ¯ and let ρn : ΓF Ñ GpW pkq{p
nW pkqq, n ě 2, be a lift of
ρ¯.
(1) There is a Chebotarev class of nice primes q1 such that ρ¯pFrobqq “ ρ¯pFrobq1q, ρnpFrobq1q P
T pW pkq{pnW pkqq and ρn is special at q
1 (with respect to the root α).
(2) There is a Chebotarev class of nice primes q2 with Normpq2q ” Normpq1q mod pn and such
that ρnpFrobq2q P T pW pkq{p
nW pkqq is equal to ρnpFrobq1q ¨ pAn, IdT 1q, with q
1 as above and
An the matrix
“
1´pn´1 0
0 1`pn´1
‰
. Here An is viewed as an element of SL2 or GL2 and in the
PGL2 case we replace it by its image in PGL2. Thus, ρn is not special at q
2 but ρn´1 is
special at q2.
Proof. An element g P GpW pkq{pnW pkqq lies in T pW pkq{pnW pkqq iff its image inGadpW pkq{pnW pkqq
lies in T adpW pkq{pnW pkqq, where T ad is the image of T in Gad. From this observation and Lemma
2.7 (1), (1) of this lemma follows by considering the extension KPnKpµpnq{F and choosing an
2For groups G of rank ą 1, our usage of this term conflicts with more established terminology, but for lack of a
pithy alternative we have still used it. We apologize to the reader for this abuse.
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appropriate element in its Galois group. Item (2) follows in the same way once we note that the
image of SL2pW pkq{p
nW pkqq in GpW pkq{pnW pkqq is contained in ρnpΓF q by Lemma 2.7 (1). 
2.3. Main theorem. Let X be a finite set of primes of OF . Let M be a finite W pkqrΓX s-module
and for each v P X let Lv be a submodule of H
1pΓv,Mq. We call L :“ tLvuvPX a Selmer condition.
Definition 2.13. The Selmer group H1LpΓX ,Mq is defined to be the kernel of the (global to local)
restriction map
H1pΓX ,Mq Ñ
à
vPX
H1pΓv,Mq
Lv
.
IfM as above is a freeW pkq{pn-module, let LKv Ă H
1pΓv,M
˚q be the annihilator of Lv with respect
to the pairing 2.2. Then the dual Selmer group is defined to be H1
LK
pΓX ,M
˚q.
From now on we make the following additional assumption on ρ¯.
Assumption 2.14. For each prime v in S we are given a smooth local deformation condition
Dv for ρ¯|Γv with tangent space Nv Ă H
1pΓv, ρ¯pg
derqq such that the set of Selmer conditions N is
balanced, i.e.,
dimH1N pΓS , ρ¯pg
derqq “ dimH1
NK
pΓS , ρ¯pg
derq˚q.
Remark 2.15. It is not known exactly when this assumption is satisfied, especially at primes
dividing p. For v ∤ p it is known to hold for classical groups, albeit after increasing k, and for v | p
in the Fontaine–Laffaille case (see [CHT08],[Boo19a], [Boo19b]).
Definition 2.16. An auxiliary set for ρ¯ is a finite set Q of nice primes (with Q X S “ H) such
that the new-at-Q Selmer group H1N pΓSYQ, ρ¯pg
derqq “ 0.
Here N is defined using the given local conditions at primes in S and the condition described
above at primes q in Q. In this situation the universal deformation ring RQ´newSYQ , defined using the
given local deformation conditions at v P S and the above conditions at q P Q, is isomorphic to
W pkq.
Theorem 2.17. Let ρ¯ : ΓS Ñ Gpkq satisfy Assumptions 2.1 and 2.14 and let p “ charpkq be such
that the hypotheses of Proposition 2.4 hold. Assume that the Selmer and dual Selmer groups of ρ¯
with respect to the given local conditions at primes in S are nontrivial of (the same) dimension n.
Then there exists an ordered set Q “ tq1, q2, . . . , qmu of nice primes, m P tn ` 1, n ` 3u, and an
integer d ě 2 such that
‚ Q is auxiliary and the versal deformation ρQ´newSYQ : ΓSYQ Ñ GpR
Q´new
SYQ q “ GpW pkqq is
ramified mod pd at all q P Q.
‚ for each 1 ď i ď m there is an auxiliary set Qi Ă Q satisfying
– t1, 2, . . . , qi´1u Ă Qi,
– qi R Qi,
– ρQi´newSYQi ” ρ
Q´new
SYQ mod p
d´1, ρQi´newSYQi mod p
d´1 is special at qi but ρ
Qi´new
SYQi
mod pd is
not special at qi.
Remark 2.18. Implicit in the formulation of the theorem is that ρQ´newSYQ : ΓSYQ Ñ GpR
Q´new
SYQ q “
GpW pkqq is ramified at all q P Q mod pd and is unramified at all q P Q mod pd´1. The proof will
show that we can in fact take d “ 2.
Note that we are not claiming that ρQi´newSYQi is ramified at all v P S YQi, although it would be
nice to get this refinement of the theorem.
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Example 2.19. Using Remark 2.6 one sees that if G “ GL2, sufficient conditions for the main
theorem to hold are that ρ¯pΓF q Ą SL2pkq and
‚ rF pµpq : F s ą 4 (so we must have p ą 5), or
‚ rF pµpq : F s “ 4, ρ¯pΓF q Ą GL2pFpq, and
– F pρ¯pgderqq X F pµpq “ F , or
– detpρ¯q “ κ˘1.
As mentioned in the introduction, the theorem will be proved below using only Galois cohomology
(and Chebotarev’s theorem).
2.4. Global to local restriction maps.
2.4.1. Controlling the dimensions of Selmer and dual Selmer groups is fundamental to our argu-
ments and the main tool for doing this is the Greenberg–Wiles formula ([DDT97, Theorem 2.19]):
(2.3)
ℓpH1LpΓX ,Mqq´ℓpH
1
LK
pΓX ,M
˚qq “ ℓpH0pΓX ,Mqq´ℓpH
0pΓ,M˚qq`
ÿ
vPXp8q
pℓpLvq´ℓpH
0pΓv,Mqqq,
where Xp8q denotes the union of X (which contains all primes dividing |M |) and the infinite
primes of F and Lv for an infinite prime is taken to be t0u.
The following result from global duality theory, which also plays an important role in our proofs,
is the “exactness in the middle” of the Poitou–Tate exact sequence ([Mil06, Theorem 4.10 (b)]).
Theorem 2.20. Let X be a finite set of primes of F containing all primes above p and 8, and let
M be a finitely generated and free W pkq{pn-module with a W pkq-linear action of ΓX . Consider the
restriction maps
ResX : H
1pΓX ,Mq Ñ
à
vPX
H1pΓv,Mq
and
Res˚X : H
1pΓX ,M
˚q Ñ
à
vPX
H1pΓv,M
˚q
The sum of the local duality pairings of (2.2) induces a perfect pairingà
vPX
H1pΓv,Mq ˆ
à
vPX
H1pΓv,Mq ÑW pkq{p
n
with respect to which ImpResXq is the exact annihilator of ImpRes
˚
Xq.
2.4.2. Let X be a finite set of primes of OF containing S, and let phvqvPX be a collection of
elements of H1pΓv , ρ¯pg
derqq. We call phvqvPX a local condition problem and we are interested in
knowing whether there exists a global class h P H1pΓX , ρ¯pg
derqq whose restriction at v P X is hv.
In general, such a class need not exist so let us suppose that this is the case, i.e., phvqvPX is not
in the image of the restriction map
ResX : H
1pΓX , ρ¯pg
derqq Ñ
à
vPX
H1pΓv, ρ¯pg
derqq .
We will show that there exists a Chebotarev set Q of nice primes q such that phvqvPX is in the
image of the map
ResXXYtqu : H
1pΓXYtqu, ρ¯pg
derqq Ñ
à
vPX
H1pΓv, ρ¯pg
derqq .
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Lemma 2.21. Let phvqvPX be a local condition problem such that the line l spanned by phvqvPX is
not in the image of
ResX : H
1pΓX , ρ¯pg
derqq Ñ
à
vPX
H1pΓv, ρ¯pg
derqq .
Then the annihilator of l in
À
vPX H
1pΓv, ρ¯pg
derq˚q does not contain the image of the map
Res˚X : H
1pΓX , ρ¯pg
derq˚q Ñ
à
vPX
H1pΓv, ρ¯pg
derq˚q .
Proof. By Theorem 2.20 the images of ResX and Res
˚
X are exact annihilators of one another, so
Annplq Ą ImpRes˚Xq ðñ l Ă ImpResXq .
The latter condition is false by hypothesis, so the former is false as well. 
Proposition 2.22. Let phvqvPX be a local condition problem such that the line l spanned by it is
not in the image of
ResX : H
1pΓX , ρ¯pg
derqq Ñ
à
vPX
H1pΓv, ρ¯pg
derqq.
Then there is a basis tζ1, . . . , ζs, ζu of H
1pΓX , ρ¯pg
derq˚q such that tζ1, . . . , ζsu all annihilate l. Let
Q be the Chebotarev set of nice primes satisfying
‚ ζi|Γq “ 0 for i “ 1, 2, . . . , s and
‚ the g˚α component of ζ|Γq is nonzero.
Then for any q P Q, the image of
ResXXYtqu : H
1pΓXYtqu, ρ¯pg
derqq Ñ
à
vPX
H1pΓv , ρ¯pg
derq˚q
contains l.
Proof. By Lemma 2.21 we may choose a basis tζ1, . . . , ζs, ζu of H
1pΓX , ρ¯pg
derq˚q as required and we
also have Res˚Xpζq R Annplq. We may also assume that the ζi are ordered so that they first include
a basis of X1Xpρ¯pg
derq˚q (“ KerpRes˚Xq). The assumptions on ρ¯ and the linear disjointness from
Lemma 2.8 imply that Q as in the statement is a set of primes of positive density.
For v P X, let Lv “ H
1pΓv, ρ¯pg
derqq and also let Lq “ H
1pΓq, ρ¯pg
derqq. Let L “ pLvqvPX and
let L1 “ pLvqvPXYtqu. Comparing the Greenberg–Wiles formula (2.3) applied to L and L
1, we see,
using the easy fact of local Galois cohomology that h1nrpΓq,Mq “ h
0pΓq,Mq, that´
h1LpΓX , ρ¯pg
derqq ´ h1L1pΓXYtqu, ρ¯pg
derq
¯
´
´
h1
LK
pΓX , ρ¯pg
derq˚q ´ h1
L1K
pΓXYtqu, ρ¯pg
derq˚q
¯
“ h1nrpΓq, ρ¯pg
derqq ´ h1pΓq, ρ¯pg
derqq .
(2.4)
By definition, H1LpΓX , ρ¯pg
derqq is the full H1 and H1
LK
pΓX , ρ¯pg
derq˚q is the X1. By assumption, we
have ζi|Γq “ 0 for all i, so H
1
LK
pΓX , ρ¯pg
derq˚q “ H1
L1K
pΓXYtqu, ρ¯pg
derq˚q. Thus,
(2.5)
h1pΓXYtqu, ρ¯pg
derqq “ h1pΓX , ρ¯pg
derqq ` h1pΓq, ρ¯pg
derqq ´ h1nrpΓq, ρ¯pg
derqq “ h1pΓX , ρ¯pg
derqq ` 1.
We have shown the dimensions of the domains of
ResX : H
1pΓX , ρ¯pg
derqq Ñ
à
vPX
H1pΓv, ρ¯pg
derqq
and
ResXXYtqu : H
1pΓXYtqu, ρ¯pg
derqq Ñ
˜à
vPX
H1pΓv, ρ¯pg
derqq
¸
‘
H1pΓq, ρ¯pg
derqq
H1pΓq, ρ¯pgderqq
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differ by 1.
We now show their kernels have the same dimension so the image of ResX
XYtqu properly contains
that of ResX . For this we let Lv “ 0 for v P X, Lq “ H
1pΓq, ρ¯pg
derqq and L “ pLvqvPX , L
1 “
pLvqvPXYtqu and apply the Greenberg–Wiles formula again as in (2.4).
Now H1
LK
pΓX , ρ¯pg
derq˚q “ H1pΓX , ρ¯pg
derq˚q which has basis tζ1, . . . , ζs, ζu. As L
K
q “ 0, ζi|Γq “ 0
and ζ|Γq ‰ 0, we have that H
1
L1K
pΓXYtqu, ρ¯pg
derq˚qq is the span of tζ1, . . . , ζsu. Combining (2.4) and
(2.5) we get
(2.6) ph1pΓXYtqu, ρ¯pg
derqq ´ dimKerpResXXYtquqq ´ pph
1pΓX , ρ¯pg
derqq ´ dimKerpResXqq “ 1
Thus, the kernels of ResX
XYtqu and ResX are identical so the rank of Res
X
XYtqu is one greater than
that of ResX .
If l Ę ImpResX
XYtquq, then ImpResXq is of codimension at least two in l ` ImpRes
X
XYtquq, so
Annpl ` ImpResX
XYtquqq is of codimension at least two in AnnpImpResXqq. However, by Theorem
2.20 the latter space is precisely the image of Res˚X , so spanned by the (images of) ζi and ζ. By
construction, all the ζi annihilate l and since ζi|q “ 0 for all i, it follows by reciprocity that all the
ζi also annihilate ImpRes
X
XYtquq. We conclude that l Ď ImpRes
X
XYtquq. 
2.5. Infinitesimal adjustment of lifts. The process of “adjusting” a representation ρ : ΓF Ñ
GpW pkq{pmW pkqq, m ą 0, by a cocyle (representing) f P H1pΓF , ρ¯pg
derqq to get another repre-
sentation ρ1 : ΓF Ñ GpW pkq{p
mW pkqq plays a key role in the sequel. We recall here what this
means: the kernel of the reduction map GpW pkq{pmW pkqq Ñ GpW pkq{pm´1W pkqq is naturally
identified [Til96, §3.5] with gk using the first order exponential map and the generator p
m´1 of the
kernel of the reduction map W pkq{pmW pkq Ñ W pkq{pm´1W pkq. We denote this identification by
x ÞÑ expppm´1xq, x P gk.
For ρ, f as above, the map ρ1 : ΓF Ñ GpW pkq{p
mW pkqq given by γ ÞÑ expppm´1fpγqq ¨ ρpγq is a
continuous homomorphism, equivalent to ρ mod pm´1. Moreover, since f takes values in gderk Ă gk
and gder is the kernel of the map on Lie algebras induced by µ : GÑ C, the maps µ ˝ ρ and µ ˝ ρ1
from ΓF to CpW pkq{p
nW pkqq are equal.
Definition 2.23. We call ρ1 the representation obtained from ρ by adjusting it by f and denote it
by expppm´1fqρ.
We use similar notation when ΓF is replaced by Γv, for v a prime of OF .
2.6. A matricial condition for auxiliary sets. Recall that N “ pNvqvPS is the set of tangent
spaces to the (balanced) smooth local deformation conditions pDvqvPS from Assumption 2.14.
Let tf1, f2, . . . , fnu be a basis ofH
1
N pΓS , ρ¯pg
derqq and tφ1, φ2, . . . , φnu a basis ofH
1
NK
pΓS , ρ¯pg
derq˚q;
note that n ‰ 0 by the assumptions of Theorem 2.17. By Assumption 2.1 and Remark 2.2, it fol-
lows that fi|ΓK : ΓK Ñ g
der
k , K “ F pρ¯pg
derq, µpq, is a surjective homomorphism and similarly
for φi|ΓK . Therefore, using the Chebotarev density theorem and Lemma 2.8, we may pick a set
Q˜ “ tq1, q2, . . . , qnu of nice primes for ρ¯ such that
‚ the tα ‘ p‘βgβ) component of fi restricted to Γqj is 0 for all i, j,
‚ the lα component of fi restricted to Γqj is 0 for i ‰ j,
‚ the lα component of fi restricted to Γqi is 1 (using the identification fixed in §2.2)
and
‚ the t˚ ‘ p‘β‰αg
˚
βq component of φi restricted to Γqj is 0 for all i, j,
‚ the g˚α component of φi restricted to Γqj is 0 for i ‰ j,
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‚ the g˚α component of φi restricted to Γqi is 1 (using the identification fixed in §2.2).
Lemma 2.24. If we augment N by using the condition of §2.2.2 at the primes in Q˜, then the
Selmer groups H1N pΓSYQ˜, ρ¯pg
derqq and H1
NK
pΓSYQ˜, ρ¯pg
derq˚q are both trivial, so Q˜ is auxiliary.
Proof. The third condition on fi implies that fi|Γqi R Nqi and the third condition on φi implies
that φi|Γqi R N
K
qi
; see [Pat16, Lemma 4.11].
The rest of the argument consists in inductively applying the Greenberg–Wiles formula 2.3; see
[Pat16, §5], especially the argument after the statement of Lemma 5.3. 
Note that not all the conditions imposed above are necessary for Q˜ to be auxiliary, but they will
all be used later in the proof of Theorem 2.17.
Lemma 2.25. Let X “ S Y Q˜ with Q˜ auxiliary and let tqn`1, qn`2, . . . , qn`su be a set of nice
primes for ρ¯ disjoint from X. The kernel of the restriction maps
Resn`i : H1pΓXYtqn`iu, ρ¯pg
derqq Ñ
à
vPX
H1pΓv, ρ¯pg
derqq
Nv
is one dimensional for all i and we let fn`i be any nonzero element in it. Then Q˜Ytqn`1, qn`2, . . . , qn`su
is auxiliary iff the matrix rfn`ipFrobqn`jqs1ďi,jďs is invertible.
Proof. Recall that when we evaluate a cohomology class at a Frobenius, we are projecting along
the lα or g
˚
α component and evaluating as described prior to Lemma2.9.
Let Lv = Nv for v P X, Lqn`i “ H
1pΓqn`i , ρ¯pg
derqq and L “ pLvqvPX , L
1 “ pLvqvPXYtqn`iu. Since
Q˜ is auxiliary, both H1LpΓX , ρ¯pg
derqq and H1
LK
pΓX , ρ¯pg
derq˚q vanish and so H1
L1K
pΓXYtqn`iu, ρ¯pg
derq˚q
also vanishes since it is contained in H1
LK
pΓX , ρ¯pg
derq˚q. Applying the Greenberg–Wiles formula
(2.3) as in (2.4) we get
(2.7) h1L1pΓXYtqn`iu, ρ¯pg
derqq “ h1pΓqn`i , ρ¯pg
derqq ´ h1nrpΓqn`i , ρ¯pg
derqq “ 1,
where the last equality follows from Lemma 2.9.
Let K be the kernel of the restriction map
H1pΓXYtqn`1,qn`2,...,qn`su, ρ¯pg
derqq Ñ
à
vPX
H1pΓv, ρ¯pg
derqq
Nv
.
The set tfn`1, fn`2, . . . , fn`su spans an s-dimensional subspace of K since fn`i is ramified at qn`i
but not at qn`j for i ‰ j. Applying the Greenberg–Wiles formula (2.3) one sees that dimpKq “ s,
so we have equality. Thus, the set is auxiliary iff the map
Spanptfn`1, fn`2, . . . , fn`suq Ñ
sà
j“1
H1pΓqn`j , ρ¯pg
derqq
Nqn`j
is an isomorphism. Each quotient on the RHS is one dimensional by (2) of Lemma 2.9 and the
image is spanned by the row vectors rfn`ipFrobqn`jqs1ďjďs, so the lemma follows. 
Remark 2.26. In the sequel, we will use similar, but not the same, “matricial conditions” as in
the lemma to ensure that various sets of primes are auxiliary. They can all be deduced by minor
variants of the same method.
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2.7. Controlling the kernel of a restriction map. In §2.6 we have chosen a set Q˜ of nice
primes for ρ¯ satisfying a list of conditions. By Lemma 2.24 Q˜ is auxiliary, so the ring RQ˜´new
SYQ˜
is
W pkq and ρQ˜´new
SYQ˜
: ΓSYQ˜ Ñ GpW pkqq.
Let ni be the minimum of the set of integers such that ρ
Q˜´new
SYQ˜
is ramified modulo pni at qi. Set
d to be the minimum of all the ni if this is not 8, else set d “ 2. For each v P S Y Q˜, choose
gv P H
1pΓv, ρ¯pg
derqq as follows:
‚ For v P S, let gv “ 0
‚ For qi P Q˜ choose 0 ‰ gqi P Nqi such that:
– If ρQ˜´new
SYQ˜
is unramified modulo pd´1 at qi but is ramified modulo p
d then choose
0 ‰ gqi P Nqi such that exppp
d´1gqiqpρ
Q˜´new
SYQ˜
|Γqi q modulo p
d is unramified at qi. This
gqi is ramified at qi.
– Otherwise choose gqi to be any ramified element of Nqi.
The point of these choices is that for all a P k, expppd´1agvqpρ
Q˜´new
SYQ˜
|Γv q is in the smooth local
deformation condition Dv for v P S Y Q˜ and when a ‰ 1 it is ramified at v “ qi P Q˜. However, the
triviality of the Selmer group for S Y Q˜ implies that the local deformation problem pgvqvPSYQ˜ is
not solvable.
By Proposition 2.22, there exists a Chebotarev set of nice primes Q0 such that for q P Q0 there
exists f pqq P H1pΓSYQ˜Ytqu, ρ¯pg
derqq with f pqq|Γv “ gv for all v P S Y Q˜. We would like to use q P Q0
as qn`1, so want all the sets Q˜Y tqn`1u ´ tqiu to be auxiliary.
In order for this to hold, we need that the nˆ pn` 1q matrices rfipFrobqjqs and rφipFrobqjqs are
invertible after deleting any column, see Remark 2.26. To ensure the first condition, using Lemma
2.8 we impose the further condition that fipFrobqn`1q “ 1 for all i. This is independent of the
conditions in Proposition 2.22 since they involve cocycles for ρ¯pgderq as opposed to ρ¯pgderq˚. We
also require that
(2.8) ρQ˜´new
SYQ˜
pFrobqn`1q P T pW pkq{p
dW pkqq mod pd is as in Lemma 2.12 (2)
(so ρQ˜´new
SYQ˜
is not special at qn`1). To see that this is achievable we use that our hypotheses on p and
ρ¯ and Lemma 2.7 imply that the kernel of the reduction map GpW pkq{pdW pkqq Ñ GpW pkq{pW pkqq
is contained in the image of ρQ˜´new
SYQ˜
mod pd. This is also independent from the previously imposed
conditions by Lemma 2.8.
Finally, we also require that φipFrobqn`1q ‰ 0 for all i.
Lemma 2.27. These conditions do not conflict with the conditions imposed in Proposition 2.22
This is not obvious since both sets of conditions involve cocycles with values in ρ¯pgderq˚.
Proof. For v P S we have gv “ 0 and for qj P Q˜ztqiu, we have by assumption that φi|Γqj “ 0.
Thus, invvpgv Y φiq “ 0 for v P S Y Q˜ztqiu. However, invqipgqi Y φiq ‰ 0 by Lemma 2.9 (3), so
ResSYQ˜pφiq is not in the annihilator of the line l spanned by pgvqvPSYQ˜. It follows that writing
φi “ aiζ `
ř
j bi,jζj, where tζ1, . . . , ζs, ζu is the basis of H
1pΓSYQ˜, ρ¯pg
derq˚q as in Proposition 2.22,
we have ai ‰ 0. By evaluating the RHS at Frobqn`1 , bearing in mind the conditions of Proposition
2.22, we see that φipFrobqn`1q ‰ 0. 
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Thus, the nonempty Chebotarev set of nice primes q P Q0 satisfying:
ζi|Γq “ 0 for i “ 1, 2, . . . s,
the g˚α component of ζ|Γq is nonzero,
fipFrobqq “ 1 for all i,
ρ
Q˜´new
SYQ˜
pFrobqq P T pW pkq{p
dW pkqq mod pd is as in Lemma 2.12 (2),
(2.9)
also satisfies
φipFrobqq ‰ 0 for all i,
D f pqq P H1pΓSYQ˜Ytqu, ρ¯pg
derqq such that f pqq|Γv “ gv for all v P S Y Q˜ .
(2.10)
Lemma 2.28. For Q˜ as above and any q P Q0, f
pqq spans the one dimensional kernel of the
restriction map
(2.11) H1pΓSYQ˜Ytqu, ρ¯pg
derqq Ñ
à
vPSYQ˜
H1pΓv, ρ¯pg
derqq
Nv
.
Proof. The fact that the kernel is one dimensional follows from the same argument as in the first
part of the proof of Lemma 2.25. Since gv P Nv for v P SY Q˜, f
pqq lies in the kernel and is nonzero,
so it must span. 
2.8. Proof of Theorem 2.17.
Proof of Theorem 2.17. Denote the positive density of the set of nice primes Q0 constructed in §2.7
by t0. At least one of the following must be true:
(1) D q P Q0 such that f
pqqpFrobqq ‰ 0, 1 ,
(2) D Q1 Ă Q0 having positive upper density such that q P Q1 ñ f
pqqpFrobqq “ 1 ,
(3) D Q1 Ă Q0 having positive upper density such that q P Q1 ñ f
pqqpFrobqq “ 0 .
We expect that all three cases do actually occur, but this seems difficult to verify so we prove the
theorem by considering all three cases separately.
For a prime qn`i we use the more compact notation fn`i instead of f
pqn`iq. At various points
in the proof we will, for auxiliary sets A and B, move from ρA´newSYA mod p
d to ρB´newSYB mod p
d by
adjusting by one or two cohomology classes. While our choices may seem arbitrary, since A and B
are auxiliary, there is exactly one class that works and after adjustment by this class the problem
is uniquely liftable.
In each case we must determine the auxiliary sets Q and Qi as in Theorem 2.17, show that
ρ
Q´new
SYQ is ramified at all q P Q and also that ρ
Qi´new
SYQi
is unramified and not special at qi. Note that
expppd´1fn`1qρ
Q˜´new
SYQ˜
mod pd is only special at qn`1 in Case 2).
Proof of Case (1) Choose any qn`1 P Q0 such that f
pqn`1qpFrobqn`1q “ a ‰ 0, 1 and set
Q “ Q˜Y tqn`1u, Qi “ Qztqiu, i “ 1, 2, . . . , n` 1.
We first show that Q and all Qi are auxiliary. Recall that for v P S Y Q˜, fn`1|Γv P Nv. The map
H1pΓSYQ˜, ρ¯pg
derqq Ñ
à
vPSYQ˜
H1pΓv, ρ¯pg
derqq
Nv
18 NAJMUDDIN FAKHRUDDIN, CHANDRASHEKHAR KHARE, AND RAVI RAMAKRISHNA
is an isomorphism since Q˜ is auxiliary and by Lemma 2.28 the kernel of the map
H1pΓSYQ, ρ¯pg
derqq Ñ
à
vPSYQ˜
H1pΓv, ρ¯pg
derqq
Nv
is spanned by fn`1. As fn`1pFrobqn`1q ‰ 0, so fn`1|Γqn`1 R Nqn`1, the restriction map
H1pΓSYQ, ρ¯pg
derqq Ñ
à
vPSYQ
H1pΓv, ρ¯pg
derqq
Nv
is an injection, so Q is auxiliary.
Using the third part of (2.9) and the first part of (2.10) we see that the n ˆ pn ` 1q matrix
F “ rfipFrobqjqs (resp. Φ “ rφipFrobqj qs) is the identity matrix with an extra column all of whose
entries are 1 (resp. nonzero). Such matrices are invertible upon the deletion of any column so by
Lemma 2.24 and the arguments of Lemma 2.25 (see Remark 2.26) the sets Qi are all auxiliary.
We now show that ρQ´newSYQ is ramified at all qi P Q. Recall that for 1 ď i ď n, fi|Γqi R Nqi and
for v P S Y Q˜ztqiu, fi|Γv P Nv. By (2.8) we know that ρ
Q˜´new
SYQ˜
mod pd is not special at qn`1 but is
special at all v P S Y Q˜. We adjust ρQ˜´new
SYQ˜
mod pd by 1
a
fn`1, i.e., we consider the representation
ρ1 “ expppd´1 1
a
fn`1qpρ
Q˜´new
SYQ˜
q mod pd. Then ρ1 is special at qn`1 and is also ramified at qn`1 since
fn`1 is. As fn`1|Γv P Nv for all v P S Y Q˜, ρ
1 is Q˜-new so (by uniqueness) we have ρ1 “ ρQ´newSYQ
mod pd. As a ‰ 1, 1
a
fn`1|Γqi “
1
a
gqi ‰ gqi , so this class introduces ramification at all qi that were
unramified and does not remove ramification at any qi. Thus ρ
Q´new
SYQ is ramified at all primes of Q
and this ramification occurs mod pd for all these primes.
It remains to show that ρQi´newSYQi mod p
d is unramified and not special at qi. As Qn`1 “ Q˜ and
ρ
Q˜´new
SYQ˜
mod pd is not special at qn`1 the i “ n` 1 case is settled.
When 1 ď i ď n, to get from ρQ˜´new
SYQ˜
mod pd to ρQi´newSYQi mod p
d we need to remove (possible)
ramification at qi and make the representation nonspecial there while ensuring specialness at all
other qj P Q. Since fn`1|Γv “ gv, adjusting by fn`1 removes any ramification at qi (and perhaps
some other qj) while preserving specialness there; if there is no ramification at qi we do not perform
this step. Our Case 1) assumption implies that this adjustment also keeps the representation
nonspecial at qn`1. Since fipFrobqiq “ fipFrobqn`1q “ 1, adjusting further by a suitable nonzero
multiple of fi makes the representation special at qn`1 and nonspecial at qi as desired. As fi is
in the Selmer group for S and trivial when restricted to Γqj for j ď n, j ‰ i, the representation
remains special at all other primes.
Proof of Case (2) The sets Q and Qi of Case (1) are auxiliary in this case as well, but we cannot
use them as we cannot guarantee ramification of ρQ´newSYQ at all qi P Q. The problem is that as
fn`1pFrobqn`1q “ 1, adjusting by fn`1 makes the representation special at qn`1 and liftable at all
other primes, but will remove ramification at all qi at which ρ
Q˜´new
SYQ˜
mod pd is ramified. We will
need to add three primes to Q˜ to form Q in this case.
For this case we are assuming that Q1 “ tq P Q0|f
pqqpFrobqq “ 1u has positive upper density.
Note that Q1 is almost certainly not a Chebotarev set, though this seems difficult to settle one way
or the other.
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In this case Q “ Q˜ Y tqn`1, qn`2, qn`3u where qi P Q1 are carefully chosen; the Qi will be
described later. We will find three primes such that rfn`ipFrobqn`jqs1ďi,jď3 “ I3. While we could
make do with less, the argument is quite transparent with this choice of matrix. Also, our method
shows that the techniques of [KLR05] can be strengthened with more effort.
Choose qn`1 P Q1. The nˆpn` 1q matrices F “ rfipFrobqjqs and Φ “ rφipFrobqjqs are the nˆn
identity matrix augmented by a column with no zero entries (by the third line of (2.9) and the first
line of (2.10)). For qn`2 P Q1, the matrix rfn`ipFrobqn`jqs1ďi,jď2 “
“
1 x
z 1
‰
. For our eventual 3ˆ 3
matrix to be the identity we need x “ z “ 0.
We now choose an appropriate qn`2. We need fn`1pFrobqn`2q “ 0 and also fn`2pFrobqn`1q “ 0.
The first of these is a Chebotarev condition disjoint from those determining Q0 and we will see that
the second is as well! Dualizing the proof of Lemma 2.28 (taking Lq “ 0 instead of H
1pΓq, ρ¯pg
derqq)
one sees that for e P tn ` 1, n ` 2u, the map
H1pΓSYQ˜Ytqeu, ρ¯pg
derq˚q Ñ
à
vPSYQ˜
H1pΓv, ρ¯pg
derq˚q
NKv
has one dimensional kernel. Choose φe to span this kernel and scale it—that this is possible follows
from Lemma 2.9—so that for any h P H1nrpΓqe , ρ¯pg
derqq, invqephY φeq “ hpFrobqeq.
The first equality below is the global reciprocity law. The second follows since for v P S Y Q˜,
fn`1|Γv P Nv and φn`2|Γv P N
K
v annihilate each other.
0 “
ÿ
vPSYtq1,q2,...,qn`2u
invvpfn`1 Y φn`2q
“ invqn`1pfn`1 Y φn`2q ` invqn`2pfn`1 Y φn`2q.
(2.12)
We then have
fn`1pFrobqn`2q “ 0ô invqn`2pfn`1 Y φn`2q “ 0
ô invqn`1pfn`1 Y φn`2q “ 0ô φn`2pFrobqn`1q “ 0,
where the middle “iff” follows from (2.12) and the outer ones follow from the choice of φn`2.
We will need the set of qn`2 P Q1 satisfying
(2.13) pfn`1, φn`1qpFrobqn`2q “ p0, 0q
to have positive upper density. Note that the complement of these two Chebotarev conditions on
fn`1 and φn`1 is a set of density t0
´
1´ 1
|k|2
¯
(where |k| is the order of the field k) within Q0.
Suppose that for our choice of prime qn`1 the set of desired second primes in Q1 has upper density
0. Rename qn`1 to ℓ1 and let S1 Ă Q1 be the density 0 set of primes satisfying the above equation.
Then Q1zptℓ1u Y S1q lies in a subset of Q0 that is the complement of the conditions of (2.13) and
which has density t0p1 ´
1
|k|2
q. Now choose ℓ2 P Q1ztℓ1u. If the set of second primes, S2, that
gives us the desired Frobenius matrix has density 0, then Q1zptℓ1, ℓ2u Y S1 Y S2q is contained in
a subset of Q0 that is the complement of two sets of independent conditions (2.12). This set has
density t0p1´
1
|k|2
q2. Continuing in this way, we get that Q1zptℓ1, ℓ2, . . . , ℓru Y S1 Y S2 Y ¨ ¨ ¨ Y Srq
is contained in a set of density t0p1 ´
1
|k|2
qr. Since Q1 has positive upper density, if each Si has
density 0 then we get a contradiction for large r. Thus there is a qn`1 P Q1 such that for a set
Q2 Ă Q1 of positive density
pfn`1, φn`1qpFrobqn`2q “ p0, 0q ô fn`1pFrobqn`2q “ 0, fn`2pFrobqn`1q “ 0 .
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Choose qn`2 P Qn`2. For any qn`3 P Q2 we then have rfn`ipFrobqn`jqs1ďi,jď3 “
”
1 0 0
0 1 a
0 b 1
ı
and we
need a “ b “ 0. As before,
fn`3pFrobqn`2q “ 0ô φn`2pFrobqn`3q “ 0
so we need the independent Chebotarev conditions
(2.14) pfn`2, φn`2qpFrobqn`3q “ p0, 0q
to hold. Suppose for our choice of qn`2 there is no qn`3 P Q2 satisfying (2.14). Repeating the same
limiting argument as above, we see that we can find some other qn`2 P Q2 so that there is a prime
qn`3 P Q2 satisfying (2.14).
We have thus found primes qn`1, qn`2, qn`3 so that rfn`ipFrobqn`jqs1ďi,jď3 “
”
1 0 0
0 1 0
0 0 1
ı
. Set
Q “ Q˜Y tqn`1, qn`2, qn`3u;
that Q is auxiliary then follows from Lemma 2.25.
We now establish that ρQ´newSYQ is ramified at all q P Q. To get from ρ
Q˜´new
SYQ˜
mod pd to ρQ´newSYQ
mod pd requires making the representation special at qn`1, qn`2, qn`3, so we adjust by h “ fn`1 `
fn`2 ` fn`3. Observe that hpFrobqn`iq “ 1 for i “ 1, 2, 3, and for v P S Y Q˜, h|Γv “ 3gv P Nv and
h|Γv ‰ gv, so if ρ
Q˜´new
SYQ˜
is unramified at v P Q˜ we are introducing ramification and if it is ramified
at v we are not removing the ramification. Also, adjusting by h introduces ramification at each
of qn`1, qn`2, qn`3 and makes the representation special at each of these primes so this adjusted
representation must be equal to ρQ´newSYQ mod p
d (which is then ramified at all q P Q).
For i ď n our choice of Qi depends on whether or not ρ
Q˜´new
SYQ˜
mod pd is ramified at qi. We set
Qi “
$’’’’&’’’’%
Qztqiu i “ n` 2, n ` 3
tq1, q2, . . . , qnu i “ n` 1
tq1, q2, . . . , qn`1uztqiu i ď n, ρ
Q˜´new
SYQ˜
mod pd is unramified at qi
Qztqi, qn`3u i ď n, ρ
Q˜´new
SYQ˜
mod pd is ramified at qi .
We first show that each Qi is auxiliary and then establish that ρ
Qi´new
SYQi
is nonpecial at qi.
When i “ n` 2, n` 3, that Qi is auxiliary follows from Lemma 2.25 since the relevant principal
minors of rfn`ipFrobqn`jqs1ďi,jď3 are invertible. That Qn`1 is auxiliary is clear since Qn`1 “ Q˜.
For 1 ď i ď n we will show both choices of Qi are auxiliary; we need both to guarantee
nonspecialness at qi. That the first choice of Qi is auxiliary was demonstrated in Case (1) when
we saw that the nˆ pn` 1q matrices F “ rfipFrobqj qs and Φ “ rφipFrobqjqs are the nˆ n identity
matrix augmented by a column with no zero entries. We now show our second choice of Qi is
auxiliary. The set tq1, q2, . . . , qn, qn`1uztqiu is auxiliary and the map
H1pΓSYQ˜ztqiu, ρ¯pg
derqq Ñ
à
vPSYQ˜ztqiu
H1pΓv, ρ¯pg
derqq
Nv
has kernel spanned by fi. We claim that the map
(2.15) H1pΓSYQ˜Ytqn`1uztqiu, ρ¯pg
derqq Ñ
à
vPSYQ˜ztqiu
H1pΓv, ρ¯pg
derqq
Nv
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also has kernel spanned by fi. Clearly fi is in the kernel and the only other possibility is that the
kernel is two dimensional. If it were, then changing the target direct sum as below
H1pΓSYQ˜Ytqn`1uztqiu, ρ¯pg
derqq Ñ
à
vPSYQ˜Ytqn`1uztqiu
H1pΓv, ρ¯pg
derqq
Nv
would yield at least a one dimensional kernel which contradicts that Q˜Y tqn`1uztqiu is auxiliary.
Thus the kernel of (2.15) is spanned by fi and so the kernel of
(2.16) H1pΓSYQ˜Ytqn`1,qn`2uztqiu, ρ¯pg
derqq Ñ
à
vPSYQ˜ztqiu
H1pΓv, ρ¯pg
derqq
Nv
is two dimensional. Set gn`1 “ fi and gn`2 “ fn`1 ´ fn`2. By construction gn`2 is in the kernel
of (2.16) so tgn`1, gn`2u forms a basis for this kernel. The 2ˆ 2 matrix rgn`ipFrobqn`jqs “
“
1 1
1 ´1
‰
is invertible, so by (the proof of) Lemma 2.25
H1pΓSYQ˜Ytqn`1,qn`2uztqiu, ρ¯pg
derqq Ñ
à
vPSYQ˜Ytqn`1,qn`2uztqiu
H1pΓv, ρ¯pg
derqq
Nv
is an isomorphism and Qi is auxiliary.
Finally, we show that ρQi´newSYQi mod p
d is not special at qi in all cases:
‚ i “ n` 2: to get from ρQ˜´new
SYQ˜
mod pd to ρ
Qn`2´new
SYQn`2
mod pd we adjust by h “ fn`1 ` fn`3
to make the representation special at qn`1 and qn`3. As hpFrobqn`2q “ 0 and ρ
Q˜´new
SYQ˜
is
not special at qn`2 (by construction, cf. (2.10)), the representations remains nonspecial at
qn`2. For v P S Y Q˜, h|Γv “ 2gv P Nv, so adjusting by h keeps the representation special at
v without removing ramification. We conclude as before by uniqueness.
‚ i “ n` 3: set h “ fn`1 ` fn`2 and proceed as in the i “ n` 2 case.
‚ i “ n ` 1: as Qn`1 “ Q˜ and ρ
Q˜´new
SYQ˜
mod pd is not special at qn`1 by construction we are
done.
‚ i ď n: we go from ρQ˜´new
SYQ˜
mod pd to ρQi´newSYQi mod p
d. Our starting point is not special at
qn`1 and qn`2.
– If ρQ˜´new
SYQ˜
mod pd is unramified at qi then adjust by a (nonzero) multiple of fi to make
the representation special at qn`1. This makes the representation nonspecial at qi as
desired (but preserves unramifiedness) and preserves liftability at the other primes in
S Y Q˜, so we are done. (If ρQ˜´new
SYQ˜
mod pd were ramified at qi and we used this Qi, we
would need to adjust by fn`1 to remove ramification at qi. But then the representation
would be special at both qi and qn`i and liftable elsewhere. We need nonspecialness
at qi, which is why we need the Qi below in the ramified case.)
– If ρQ˜´new
SYQ˜
mod pd is ramified at qi, then when going from ρ
Q˜´new
SYQ˜
mod pd to ρQi´newSYQi
mod pd we need to make the representation special at qn`1 and qn`2 and unramified
and nonspecial at qi. The cohomology class h that we use must satisfy:
˚ hpFrobqn`iq “ 1 for i “ 1, 2 (specialness at qn`1, qn`2),
˚ h|Γqi “ gqi` a nonspecial unramified class (removes ramification at qi and makes
it nonspecial),
˚ h is unramified at qn`3,
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˚ h|Γv P Nv for v P S Y Q˜ztqiu (preserves liftability at these places).
The class h “ 1
2
pfi ` fn`1 ` fn`2q satisfies all these conditions, so we are done by
uniqueness. Note that in this case the representation may become unramified at some
v P S Y Q˜ (besides qi).
Proof of Case 3) This is the most delicate of the three cases and makes important use of parts
3) and 4) of Lemma 2.9.
For this case we are assuming Q1 “ tq P Q0|fn`1pFrobqq “ 0u has positive upper density. Note
that this is almost certainly not a Chebotarev set, but again this seems difficult to prove. Our set
Q will be Q˜Y tqn`1, qn`2, qn`3u for three carefully chosen primes in Q1 such that the matrix
rfn`ipFrobqn`jqs1ďi,jď3 “
”
0 1 1
1 0 1
1 1 0
ı
.
After constructing Q we will describe the sets Qi.
Choose qn`1 P Q1. Then the map
H1pΓSYQ˜Ytqn`1u, ρ¯pg
derqq Ñ
à
vPSYQ˜
H1pΓv, ρ¯pg
derqq
Nv
has kernel spanned by fn`1 and since qn`1 P Q1 ñ fn`1|Γqn`1 P Nqn`1 , we see that fn`1 spans the
kernel of
H1pΓSYQ˜Ytqn`1u, ρ¯pg
derqq Ñ
à
vPSYQ˜Ytqn`1u
H1pΓv, ρ¯pg
derqq
Nv
as well.
For qn`1 fixed, consider another prime qn`2 P Q1. The matrix rfn`ipFrobqn`jqs1ďi,jď2 “
“
0 x
z 0
‰
and we want x “ z “ 1. As the kernel of
H1pΓSYQ˜Ytqn`1,qn`2u, ρ¯pg
derqq Ñ
à
vPSYQ˜
H1pΓv, ρ¯pg
derqq
Nv
is spanned by tfn`1, fn`2u, Lemma 2.25 implies that SY Q˜Ytqn`1, qn`2u is auxiliary if this holds.
For a potential second prime qn`2 P Q1, we need that fn`1pFrobqn`2q “ 1 and this is a Chebotarev
condition disjoint from the one determining Q0. We also need fn`2pFrobqn`1q “ 1. For e P
tn` 1, n ` 2u, let φe as before span the kernel of
H1pΓSYQ˜Ytqeu, ρ¯pg
derq˚q Ñ
à
vPSYQ˜
H1pΓv, ρ¯pg
derq˚q
NKv
and scale it as in (4) of Lemma 2.9. The first equality below is the global reciprocity law and the
second holds as, for v P S Y Q˜, fn`2|Γv P Nv and φn`1|Γv P N
K
v annihilate each other. The third
uses parts (3) and (4) of Lemma 2.9; we finally see the reason for the asymmetry in our statements
for these parts since we have the freedom to scale φn`1 but not fn`2 as it comes from Proposition
2.22.
0 “
ÿ
vPSYtq1,q2,...,qn`2u
invvpfn`2 Y φn`1q
“ invqn`1pfn`2 Y φn`1q ` invqn`2pfn`2 Y φn`1q
“ fn`2pFrobqn`1q ` γqn`2φn`1pFrobqn`2q.
(2.17)
RAMIFICATION OF GALOIS REPRESENTATIONS 23
Note that γqn`2 only depends on fn`2 and thus on qn`2 but not qn`1. Since Q1 has positive upper
density and kˆ is finite, there is a γ0 P k
ˆ and a subset Q2 Ă Q1 of positive upper density such
that q P Q2 ñ γq “ γ0. So for qn`1, qn`2 P Q2,
fn`2pFrobqn`1q ` γ0φn`1pFrobqn`2q “ 0,
or equivalently
fn`2pFrobqn`1q “ ´γ0φn`1pFrobqn`2q.
Henceforth, we will only choose primes from Q2. Having chosen qn`1 P Q2, we want the set of
qn`2 P Q2 satisfying
pfn`1pFrobqn`2q “ 1 and fn`2pFrobqn`1q “ 1q ô pfn`1, φn`1qpFrobqn`2q “ p1,´1{γ0q
to have positive upper density. Note that the complement of these two Chebotarev conditions
associated to fn`1 and φn`1 on primes of Q2 forms a set of density t0p1´
1
|k|2 q within Q0. Suppose
that for our choice of qn`1 the set of desired second primes qn`2 P Q2 has density 0. Using the
limiting argument as before, we see that by changing qn`1 there is a set Q3 Ă Q2 of positive upper
density such that for qn`2 P Q3, fn`1pFrobqn`2q “ 1 “ fn`2pFrobqn`1q.
Having chosen qn`1, for qn`2, qn`3 P Q3 we have rfn`ipFrobqn`jqs1ďi,jď3 “
”
0 1 1
1 0 a
1 b 0
ı
. We want
a “ b “ 1, so we fix qn`2 and vary qn`3. Choosing
pfn`2, φn`2qpFrobqn`3q “ p1,´1{γ0q
is a pair of Chebotarev conditions independent of those determining Q0. If a qn`3 exists satisfying
these conditions we are done. If not, using the same limiting argument as before we see that we
can change qn`2 so that a qn`3 satisfying these conditions will indeed exist. Thus, we now have
primes qn`1, qn`2, qn`3 such that rfn`ipFrobqn`jqs1ďi,jď3 “
”
0 1 1
1 0 1
1 1 0
ı
.
We are now ready to settle Case (3). Set
Q “tq1, q2, . . . , qn`1, qn`2, qn`3u
Qi “
#
tq1, q2, . . . , qn, qn`1uztqiu i ď n` 1
tq1, q2, . . . , qn`1, qn`2, qn`3uztqiu i “ n` 2, n ` 3 .
That Q is auxiliary follows from Lemma 2.25. For i ď n` 1, that Qi is auxiliary follows as before
from the fact that the n ˆ pn ` 1q matrices F “ rfipFrobqj qs and Φ “ rφipFrobqjqs are the n ˆ n
identity matrix augmented by a column with no zero entries. That Qi is auxiliary for i “ n`2, n`3
follows from Lemma 2.25 since the relevant principal minors of the matrix rfn`ipFrobqn`jqs1ďi,jď3
are invertible.
We show that ρQ´newSYQ mod p
d is ramified at all primes in Q. To get from ρQ˜´new
SYQ˜
mod pd
to ρQ´newSYQ mod p
d requires making the representation special at qn`1, qn`2, qn`3. The class h “
1
2
pfn`1 ` fn`2 ` fn`3q satisfies hpFrobqn`iq “ 1, so adjusting by this class yields specialness and
ramification at qn`1, qn`2, qn`3. Note that h|Γv “
3
2
gv for v P S Y Q˜, so if ρ
Q˜´new
SYQ˜
mod pd is
unramified at v we are introducing ramification and if it is ramified at v we are not removing
ramification. By uniqueness as before, the adjusted representation must be equal to ρQ´newSYQ mod
pd which is therefore ramified at all primes q P Q.
It remains to show that ρQi´newSYQi is not special at qi. Recall that ρ
Qi´new
SYQi
is unramified at qi and
ρ
Q˜´new
SYQ˜
mod pd´1 is unramified at qi.
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‚ i “ n` 2: to get from ρQ˜´new
SYQ˜
mod pd to ρ
Qn`2´new
SYQn`2
mod pd we adjust by h “ fn`1 ` fn`3
to make the representation ramified and special at qn`1 and qn`3. As hpFrobqn`2q “ 2,
the adjusted representation is not special at qn`2. For v P S Y Q˜, h|Γv “ 2gv so the
representation remains special for such a v (and becomes ramified at all qi P Q˜).
‚ i “ n` 3: the same argument as above works with h “ fn`1 ` fn`2.
‚ i “ n` 1: this follows since Qn`1 “ Q˜ and ρ
Q˜´new
SYQ˜
is not special at qn`1 by construction.
‚ i ď n: we move from ρQ˜´new
SYQ˜
mod pd to ρQi´newSYQi mod p
d. This breaks into two cases.
– if ρQ˜´new
SYQ˜
mod pd is unramified at qi we use a nonzero multiple of fi to make the
representation special at qn`1. This keeps the representation unramifed at qi and also
makes it nonspecial at qi.
– if ρQ˜´new
SYQ˜
mod pd is ramified at qi, using that fn`1|Γqi “ gqi we adjust by fn`1 to
remove ramification at qi. Then as fn`1pFrobqn`1q “ 0, the representation at qn`1 is
nonspecial before and after adjustment. Now use a nonzero multiple of fi to make the
representation special at qn`1. This keeps the representation unramified at qi and also
makes the representation nonspecial at qi.
This completes the proof of Case (3) of Theorem 2.17 and hence also the proof of the theorem.

3. An exact computation of Selmer groups
In §2, and Theorem 2.17, we consider suitable ρ¯ : ΓS Ñ Gpkq and a set S of primes of F (including
all the ramified primes, the primes of F dividing the residue characteristic p of k and all the infinite
places) together with balanced local deformation Dv conditions at v P S. We also consider nice
primes q and balanced local deformation conditions Dq at q. Given a finite set of nice primes Q,
there is an associated deformation ring RQ´newSYQ that parametrizes deformations ρ : ΓSYQ Ñ GpAq
of ρ¯ (of fixed mulitplier ν), for A a complete Noetherian local W pkq-algebra with residue field k,
that satisfies the local conditions Dv at v P S YQ. We also consider the relaxed deformation ring
RSYQ which parametrizes deformations (of fixed mulitplier ν) ρ : ΓSYQ Ñ GpAq of ρ¯ that satisfy
the local conditions Dv at v P S, but with no restriction at v P Q. The complete Noetherian local
W pkq-algebras RSYQ and R
Q´new
SYQ are in general quite mysterious.
A simple consequence of Theorem 2.17 is that there exists a finite set Q of nice primes such that
R
Q´new
SYQ – W pkq and ρ
Q´new
SYQ is ramified at all primes q P Q. This was first proved for G “ GL2
in [KR03] and similar statements for GLn appear in [MMS17, Theorem 1] and for general G in
[Pat17, Theorem 3.16]. There is a natural surjection π : RSYQ Ñ R
Q´new
SYQ . The main result of this
section is the following:
Theorem 3.1. Let ρ¯ : ΓF Ñ Gpkq satisfy the assumptions of Theorem 2.17 and let Q be as in
the conclusion of the theorem. For each q P Q, let mq be the smallest integer such that ρ
Q´new
SYQ is
ramified at q modulo pmq . Then
pKerpπqq{pKerpπqq2 –
à
qPQ
W pkq{pmqW pkq ;
in particular, pKerpπqq{pKerpπqq2 is a finite W pkq-module and SpecpRQ´newSYQ q is an irreducible com-
ponent of SpecpRSYQq.
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Remark 3.2. The abelian group pKerpπqq{pKerpπqq2 is the Pontryagin dual of a certain Selmer
group (see Lemma 3.7 below). To contextualize the result in Theorem 3.1, we recall that the
automorphy lifting results of [Wil95] proved finiteness of Selmer groups associated to Galois repre-
sentations arising from newforms f and related them to special values of L-functions. Our result
proves the finiteness of a Selmer group, and a formula for its order, associated to a very particular
Galois representation that we construct in Theorem 2.17, and is thus less general in scope (say in the
case G “ GL2) than [Wil95]. Our methods are those of Galois cohomology, while those of [Wil95]
use additionally (congruence properties of) modular forms. Theorem 3.9 below is again known as
a consequence of automorphy lifting theorems in the case of polarized Galois representations (see
[?]). Our result proves the vanishing of H2pΓSYQ, ρ
Q´new
SYQ pg
derqbW pkqKq for the “designer” Galois
representation we construct in Theorem 2.17. While our result is very tailored to the representation
ρ
Q´new
SYQ , it is not covered by [?] as ρ
Q´new
SYQ may not be polarized.
Finiteness of pKerpπqq{pKerpπqq2, in fact that pKerpπqq{pKerpπqq2 is isomorphic to a submodule
of ‘qPQW pkq{p
mqW pkq, in the situation of the above theorem, was first proved in [KR03] when
G “ GL2 (where equality was conjectured). A version of the result for G “ GLn was also proved
in [MMS17, §4].
3.1. Local lifts over W pkq{ppnq at nice primes. The results of this subsection are not used in
the sequel, but we include them here to illustrate that at our nice primes q, deformations have
“rank one” ramification.
The lemma that follows is presumably well-known but we include a proof since we do not know
a reference.
Lemma 3.3. Let G be a split reductive group over W pkq, T a split maximal torus of G, and
x¯ P T pkq a regular semisimple element. Let xn be an element of GpW pkq{p
nq for some n ą 1
reducing to x¯. Then there is a split maximal torus T 1 of G with xn P T
1pW pkq{pnq and T 1k “ Tk.
Proof. Since G is smooth, xn can be lifted to x
1 P GpW pkqq so it suffices to show that there exists
T 1 as in the lemma with x1 P T 1pW pkqq.
Let C0Gpx
1q be the identity component of the (scheme-theoretic) centralizer of x1 in G. The
(scheme-theoretic) fibre of C0Gpx
1q over Specpkq is T pkq since x¯ P T pkq is regular. Its generic fibre
has dimension at least dimpT q, since the centralizer of any element of GpKq has dimension bounded
below by dimpT q. By semicontinuity of dimension it follows that the generic fibre also has dimension
dimpT q and C0Gpx
1q is flat over W pkq. By Grothendieck’s theorem on deformations of tori ([DG70,
The´ore`me X.8.1], it follows that C0Gpx
1q is a torus which is also split ([DG70, Lemma X.3.1]) since
Tk is split. We may thus take T
1 to be C0Gpx
1q. 
Remark 3.4. The proof shows that T 1
W pkq{pn is uniquely determined as the identity component of
the centralizer in GW pkq{pn of xn.
Let Fq be a local field of residue characteristic not equal to p, set Γq to be the absolute Galois
group of Fq and consider an unramified representation ρ¯ : Γq Ñ Gpkq. We assume that x¯ “ ρ¯pFrobqq
is a regular semisimple element in T pkq and there exists a unique root α P ΦpG,T q such that Γq
acts on gα via κ. (In particular, this implies that Npqq, the order of the residue field of Fq, is not
1 mod p.)
Lemma 3.5. Any lift ρn : Γq Ñ GpW pkq{p
nq of ρ¯ is tamely ramified and is determined as follows:
Let σq P Γq be a lift of Frobq and let τq P Γq be a lift of a generator of tame inertia. Then there is
a split torus T 1 Ă G such that Tk “ T
1
k, ρnpσqq P T
1pW pkq{pnq and ρnpτqq P Uα1pW pkq{p
nq, where
α1 P ΦpG,T 1q is the unique root having the same reduction as α modulo p.
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Proof. We will prove the lemma by induction on n, the statement for n “ 1 being obvious. The
statement about tame ramification is clear (for all n) since ρ¯ is unramified and the residue charac-
teristic of Fq is not p. Thus any lift ρn is determined by ρnpσqq and ρnpτqq.
We now assume n ą 1 and the statement known for n ´ 1. So letting ρn´1 be the reduction of
ρn modulo p
n´1, we have that there exists a torus T 1 of G such that xn´1, the reduction of ρnpσqq
modulo pn´1, is in T 1pW pkq{pn´1q and ρn´1pτqq P Uα1pW pkq{p
n´1q. By Lemma 3.3, xn :“ ρnpσqq
lies in a split maximal torus, which we may assume to be T 1 (cf. Remark 3.4), and we need to show
that ρnpτqq P Uα1pW pkq{p
nq.
Let yn be any lift of ρn´1pτqq in Uα1pW pkq{p
nq so we may write ρnpτqq “ yn.g where g P
KerpGpW pkq{pnq Ñ GpW pkq{pn´1qq – gk. Write g “ t `
ř
β1 gβ1 , where t P tk, β
1 runs over
the roots of T 1, and gβ1 P gβ1,k. By the structure of tame inertia, we must have xnρnpτqqx
´1
n “
ρnpτq
Npqq “ pyn ¨ gq
Npqq. But the reduction of yn in Gpkq is the identity, so yn commutes with g,
hence pyn ¨ gq
Npqq “ y
Npqq
n ¨ gNpqq.
On the other, hand we also have xnρnpτqqx
´1
n “ xnynx
´1
n ¨ xngx
´1
n “ zn ¨ pt`
ř
β1 β
1pxnqgβ1q, for
some zn P Uα1pW pkq{p
nq (since yn P Uα1pW pkq{p
nq). Thus,
yNpqqn ¨ g
Npqq “ zn ¨ pt`
ÿ
β1
β1pxnqgβ1q
so
z´1n y
Npqq
n “ p1´Npqqqt`
ÿ
β1
pβ1pxnq ´Npqqqgβ1 .
Since the LHS is in gα1 , using the uniqueness of the root α we see that t “ 0 and gβ1 “ 0 for all
β1 ‰ α1. This implies that ρnpτqq P Uα1pW pkq{p
nq as desired. 
3.2. Selmer and dual Selmer groups modulo pn. Let K be the quotient field of W pkq. For
any finitely generated free W pkq-module M let M8 denote M bW pkq pK{W pkqq and for n ą 0 let
Mn –M{p
nM denote the pn-torsion in M8. For each v P S YQ and n ą 0, the choice of smooth
local condition Dv at each such prime, the given condition at primes in S and the one defined
in §2.2.2 at primes in Q, gives rise to a W pkq-submodule Nv,n Ă H
1pΓv, ρ
Q´new
SYQ pg
derqnq; see, for
example, [FKP19, §4]. The module Nv,1 is the tangent space of the deformation condition, denoted
Nv in §2.3. We let N
K
v,n Ă H
1pΓv, ρ
Q´new
SYQ pg
derq˚nq denote the annihilator of Nv,n with respect to
the Tate duality pairing (generalising the one in 2.2). We let Nv,8 Ă H
1pΓv, ρ
Q´new
SYQ pg
derq8q be
the direct limit of all the Nv,n.
We let N 1v,n “ Nv for v P S and let N
1
v,n “ H
1pΓv, ρ
Q´new
SYQ pg
derqnq for v P Q.
– For ‚ being n or 8, we define the Selmer groups H1N‚pΓSYQ, ρ
Q´new
SYQ pg
derq‚q to be, as in
Definition 2.13, the kernel of the map
H1pΓSYQ, ρ
Q´new
SYQ pg
derq‚q Ñ
à
vPSYQ
H1pΓv, ρ
Q´new
SYQ pg
derq‚q
Nv,‚
and define H1
N 1‚
pΓSYQ, ρ
Q´new
SYQ pg
derq‚q in the same way with Nv,‚ replaced by N
1
v,‚.
– We also define dual Selmer groups H1
NKn
pΓSYQ, ρ
Q´new
SYQ pg
derq˚nq to be the kernel of the map
H1pΓSYQ, ρ
Q´new
SYQ pg
derq˚nq Ñ
à
vPSYQ
H1pΓv, ρ
Q´new
SYQ pg
derq˚nq
NKv,n
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and define H1
N 1Kn
pΓSYQ, ρ
Q´new
SYQ pg
derq˚nq similarly.
Lemma 3.6.
(1) H1N‚pΓSYQ, ρ
Q´new
SYQ pg
derq‚q “ 0 and H
1
NK‚
pΓSYQ, ρ
Q´new
SYQ pg
derq˚‚q “ 0 for all ‚ (“ n or 8);
(2) H1
N 1Kn
pΓSYQ, ρ
Q´new
SYQ pg
derq˚nq “ 0 for all n ą 0;
(3) The map
H1N 1npΓSYQ, ρ
Q´new
SYQ pg
derqnq Ñ
à
vPQ
H1pΓv, ρ
Q´new
SYQ pg
derqnq
Nv,n
is an injection for all n;
Proof. Item (1) for ‚ “ n follows from Lemma 6.1 of [FKP19] and the fact that since Q is auxiliary,
the statement holds for n “ 1. For ‚ “ 8 it follows by taking limits.
Item (2) follows from (1) sinceH1
N 1Kn
pΓSYQ, ρ
Q´new
SYQ pg
derq˚nq is a submodule ofH
1
NKn
pΓSYQ, ρ
Q´new
SYQ pg
derq˚nq
(which is immediate from the definitions).
Item (3) follows from the vanishing of H1NnpΓSYQ, ρ
Q´new
SYQ pg
derqnq in (1) and the definition of the
Selmer groups.

Lemma 3.7. There is a canonical isomorphism
HomW pkqppKerpπqq{pKerpπqq
2,K{W pkqq – H1N 1pΓSYQ, ρ
Q´new
SYQ pg
derq8q .
Proof. See [DDT97, Lemma 2.40] for the proof in the case of GLn (which works in general). 
3.3. Local computations II. Let q be a nice prime for ρ¯ and let α be the root associated to q.
Then by definition of the local condition at q (§2.2.2), any deformation of ρ¯|Γq to W pkq in Dq has
a representative (up to pGpW pkqq-conjugacy) ρ : Γq Ñ GpW pkqq factoring through HαpW pkqq. We
fix such a ρ and we assume that it is ramified; let m ě 1 be the maximal integer such that ρ is
unramfied modulo pm.
For any root β P ΦpG,T q such that β ‰ ˘α, we have that rgα, gβs Ă gα`β if α` β is a root and
it is zero otherwise. It follows from this and the definition of Hα, that as an Hα-module (via the
adjoint action) there is a decomposition
gder “ Vα ‘ ptα X g
derq ‘Wα with Vα “ gα ‘ lα ‘ g´α and Wα “
à
β‰˘α
gβ .
Furthermore, Wα has a finite filtration, with each term a sum of root spaces, such that Uα Ă Hα
acts trivially on the associated graded and as a T -module the associated graded is simply
À
β‰˘α gβ
with its natural T -action. This decomposition and filtration clearly induce a decomposition and
filtration of gder as a Γq-module.
Lemma 3.8.
(1) H1pΓq, pWαqnq “ 0 for all n ą 0;
(2) H ipΓq,Wα bW pkq Kq “ 0 for i “ 0, 1, 2;
(3) H ipΓq, Vα bW pkq Kq “ 0 for i “ 0, 1, 2;
(4) For all n ě m,
H1pΓq, pVαqnq “H
1pΓq{Iq, pVαq
Iq
n q ‘ ImpH
1pΓq, pgαqnq Ñ H
1pΓq, pVαqnq
–W pkq{pm ‘W pkq{pm;
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(5) ImpH1pΓq, pgαq8q Ñ H
1pΓq, pVαq8q “ 0;
(6) H1pΓq, pVαq8q –W pkq{p
m.
Proof. Items (1) and (2) follow by induction using the filtration discussed above and the fact that
the analogous vanishing holds for each gβ, with β ‰ α. This uses the assumption that q is a nice
prime so the character giving the Γq-action on gβ is neither the trivial character nor the cyclotomic
character κ.
For (3) we note that Vα also has a filtration as Γq-module
0 “ V0 Ă V1 Ă V2 Ă V3 “ Vα
with V1 “ gα, V2{V1 “ lα and V3{V2 “ g´α. By the niceness assumption we have vanishing of
all cohomology for g´α. We conclude by using the known cohomology of the trivial (for lα) and
cyclotomic (for gα) characters and noting that the extension
0Ñ gα bW pkqK Ñ V2 bW pkq K Ñ lα bW pkq K Ñ 0
is non-split since ρ is ramified.
For (4) we first use the vanishing of all cohomology of g´α as above to replace Vα by V2. We
then use the exact sequences
0Ñ pgαqn Ñ pV2qn Ñ plαqn Ñ 0 ,
the known cohomology of the first and third (nonzero) terms and the structure of the action of Iq
(determined by the definition of Dq). This gives that pVαq
Iq
n “ pgαqn‘plαqm andH
1pΓq{Iq, pVαq
Iq
n q –
W pkq{pm (again using that q is a nice prime). The fact that ImpH1pΓq, pgαqnq Ñ H
1pΓq, pVαqnq –
W pkq{pm follows by considering the long exact sequence of cohomology associated to the short
exact sequence above: the structure of the action of inertia implies that the image of the boundary
map H0pΓq, plαqnq Ñ H
1pΓq, pgαqnq has image isomorphic to W pkq{p
n´m.
The two submodules H1pΓq{Iq, pVαq
Iq
n q and ImpH1pΓq, pgαqnq Ñ H
1pΓq, pVαqnq are seen to inter-
sect trivially by using the map pV2qn Ñ plαqn. We see that they generate all of H
1pΓq, pVαqnq by
computing h2pΓq, pVαqnq using (2.2) and then using (2.1) to compute h
1pΓq, pVαqnq.
Item (5) holds since a divisible W pkq-module which is killed by pm must be zero.
Item (6) follows from (4) and (5) since the inclusions plαqn Ñ plαq8 induce injections on (un-
ramified) cohomology.

3.4. Proof of Theorem 3.1.
Proof of Theorem 3.1. We apply the computations of Lemma 3.8 with ρ “ ρQ´newSYQ .
The module Nq,n Ă H
1pΓq, ρ
Q´new
SYQ pg
derqnq for q P Q corresponds to the summand
ImpH1pΓq, pgαqnq Ñ H
1pΓq, pVαqnqq ‘H
1pΓq, ptα X g
derq,
so by Lemma 3.8 (4) it follows that the quotient
H1pΓv,ρ
Q´new
SYQ
pgderqnq
Nv,n
is isomorphic to W pkq{pmq if
n ě mq. To prove the theorem it suffices, by Lemmas 3.6 (3) and 3.7, to show that the length of
H1
N 1n
pΓSYQ, ρ
Q´new
SYQ pg
derqnq as W pkq-module is
ř
qPQmq if n ě maxqtmqu.
This follows by comparing the Greenberg–Wiles formula for the Selmer conditions given by Nn
and N 1n. Since the dual Selmer group for N
1
n vanishes by (2) of Lemma 3.6, it follows from (1) of
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that Lemma and the definitions of Nn,v and N
1
n,v for all v P SYQ, that the only contribution to the
length of H1
N 1n
pΓSYQ, ρ
Q´new
SYQ pg
derqnq comes from the primes in Q. This contribution is precisely
ℓpH1pΓv, ρ
Q´new
SYQ pg
derqnqq ´ ℓpNv,nq “ mq.

3.5. Vanishing of H2. Let R be the universal ring representing all deformations of ρ¯ : ΓSYQ Ñ
Gpkq (with fixed determinant). There is a natural surjection ξ : RÑ RQ´newSYQ –W pkq.
Theorem 3.9.
(1) H2pΓSYQ, ρ
Q´new
SYQ pg
derqq ãÑ ‘vPSYQH
2pΓv, ρ
Q´new
SYQ pg
derqq;
(2) H2pΓv, ρ
Q´new
SYQ pg
derq bW pkq Kq “ 0 for all v P Q;
(3) Thus, if H2pΓv, ρ
Q´new
SYQ pg
derq bW pkq Kq “ 0 for all v P S, then it follows that
H2pΓSYQ, ρ
Q´new
SYQ pg
derq bW pkq Kq “ 0, and so ξ gives rise to a formally smooth (closed)
point of SpecpRr1{psq.
Remark 3.10.
‚ The condition H2pΓv, ρ
Q´new
SYQ pg
derqbW pkqKq “ 0 is referred to as ρ
Q´new
SYQ pg
derq being generic
at v.
‚ Instead of the condition H2pΓv, ρ
Q´new
SYQ pg
derq bW pkq Kq “ 0 for all v P S we could assume
the stronger condition that H2pΓv, ρ¯pg
derqq “ 0 for all v P S; this is perhaps more intrinsic
since it does not depend on the set Q.
Proof. For any n ě 1, using the Poitou–Tate exact sequence (see, e.g., the proof of Theorem
2.18 of [DDT97]) we see that the dual of H1
NKn
pΓSYQ, ρ
Q´new
SYQ pg
derq˚nq surjects onto the kernel of
H2pΓSYQ, ρ
Q´new
SYQ pg
derqnq Ñ ‘vPSYQH
2pΓv, ρ
Q´new
SYQ pg
derqnq, so by Lemma 3.6 (1) it follows that
this map is injective for all n. The first of the lemma follows from this by taking inverse limits.
For the second part, by Tate duality it suffices to show that H0pΓq, ρ
Q´new
SYQ pg
derq˚bW pkqKq “ 0
for all q P Q. Since Q consists of nice primes, there is a unique root α of ΦpG,T q, with T the
identity component of the centralizer of ρ¯pFrobqq in G (assumed to be a maximal split torus of G),
such that Γq acts on gα (the corresponding root space) by κ. By considering the action of a lift
of Frobenius, it follows that the Γq-invariants of pg
derq˚ “ gderp1q must be contained in g´αp1q.
However, since ρQ´newSYQ pg
derq is ramified and inertia lies in Uα, we see that the only Γq-invariant
element in g´αp1q is 0.
The third part follows directly from the first two parts.

4. Level lowering mod pn (via Theorem 2.17) and modularity lifting
Using Theorem 2.17 applied to odd irreducible representations ρ¯ : ΓQ Ñ GL2pkq we sketch a
different proof of modularity lifting along the lines of §4 of [Kha03]. The method of [Kha03] gives
an approach to modularity lifting which does not use patching techniques of Wiles, Taylor-Wiles.
We recall the situation of [Kha03] and then sketch an approach to automorphy lifting of loc. cit.
which uses the quantitative level lowering results of the present paper. We consider an irreducible,
semistable ρ¯ : GQ Ñ GL2pkq with a k a finite field of characteristic p ą 3 (which by the remark
before [Kha03, §2.1] implies that our main theorem applies to ρ¯), that arises from a newform
f P S2pΓ0pNpρ¯qp
δq with δ “ 0, 1 according to whether ρ is finite flat at p or not. We assume that
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the minimal Selmer group for ρ¯ is non-zero (as otherwise we have an easy R “ T theorem in the
minimal case). Let S be the set of places of Q dividing Npρ¯qp and the infinite place.
Consider a finite set of primes Q “ tq1, ¨ ¨ ¨ , qnu such that qi is not ˘1 mod p and prime to
Npρ¯qp, that are special for ρ¯, i..e ρ¯pFrobqiq has eigenvalues with ratio qi. As in [Kha03] we define
rings RQ´newSYQ that parametrize semistable deformations of ρ¯ that have (in particular)
– determinant the p-adic cyclotomic character,
– unramified outside the primes that divide Npρ¯qp and primes in Q,
– finite flat at p if ρ¯ is finite flat at p,
– and Steinberg at Q.
Now we define the related Hecke rings TQ´newQ . For a subset α of Q consider the module
H1pX0pNpρ¯qp
δQq,W pkqqα´new which is defined as the maximal torsion-free quotient of the quotient
ofH1pX0pNpρ¯qp
δQq,W pkqq by theW pkq-submodule spanned by the images ofH1pX0pNpρ¯qp
δ Q
q
q,W pkqq2
inH1pX0pNpρ¯qp
δQq,W pkqq, as q runs through the primes of α, under the standard degeneracy maps
(here and below for a finite set of primes Q we abusively denote by Q again the product of the
primes in it). We consider the standard action of Hecke operators Tr for all primes Tr (note that
we are using Tr for operators that normally get called Ur).
By [DT94] there is a maximal ideal m of the W pkq-algebra generated by the action of these Tr’s
such that:
‚ Tr ´ ar P m for ar a lift to W pkq of the trace of ρ¯pFrobrq when pr,Npρ¯qp
δQq “ 1;
‚ for r P Q, Tr ´ α˜r P m where αr is the unique root of the characteristic polynomial of
ρ¯pFrobrq congruent to ˘1, and α˜r is any lift of αr to W pkq;
‚ for r|Npρ¯qp:
– if r|Npρ¯q, or r “ p and ρ¯ is ordinary at p, it is the scalar by which (the arithmetic
Frobenius) Frobr acts on the unramified quotient of ρ¯|Γr and α˜r is any lift of αr to W pkq;
– if r “ p and ρ¯ is not ordinary at p, Tp P m.
Then we define Tα´newQ to be the localisation at m of theW pkq-algebra generated by the action of
these Hecke operators on the finite flatW pkq-module H1pX0pNpρ¯qp
δQq,W pkqqα´new. An analog of
Lemma 1 of [Kha03] gives that we have natural surjective maps Rα´newSYQ Ñ T
α´new
Q (where we take
care of the fact that Tr’s are in the image, including r|Npρ¯qp
δQ, using local-global compatibility
results of Carayol as in Section 2 of [W]).
We need properties of Tα´newQ that are accessible (see [Hel07] and [DT94]) by exploiting another
description of these algebras that we recall for orienting the reader (although we do not make
explicit use of the alternative descriptions in this sketch). For this fix a subset β of the prime
divisors of Npρ¯qpδ. Denote by Bα,β the quaternion algebra over Q ramified at the primes in
α Y β and further at 8 if the cardinality n1 “ |α Y β| is odd. Denote by A the adeles over Q.
For the standard open compact subgroup Uα,β :“ U0pNpρ¯qp
δQα´1β´1q of the A-valued points of
the algebraic group Gα,β (over Q) corresponding to Bα,β, Gα,βpAq, we consider the coset space
XUα,β “ Gα,βpQqzGα,βpAq{Uα,β . Depending on whether n
1 is odd or even, this double coset space
either is merely a finite set of points, or can be given the structure of a Riemann surface (that
is compact if n1 ‰ 0 and can be compactified by adding finitely many points if n1 is 0). If n1 is
odd we consider the space of functions SUα,β :“ tf : XUα,β Ñ W pkqu modulo the functions which
factorise through the norm map, and in the case of n1 even we consider the first cohomology of the
corresponding Riemann surface XUα,β , i.e., SUα,β :“ H
1pXUα,β ,W pkqq. These W pkq-modules have
the standard action of Hecke operators Tr.
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By the results of [DT94] and the Jacquet–Langlands correspondence there is a maximal ideal
that we denote by m again in the support of theW pkq-algebra generated by the action of the Tr’s on
SUα,β characterised as before. We denote the localisation at m of this Hecke algebra by T
1αYβ´new
Q .
Then by the Jacquet-Langlands correspondence, which gives an isomorphism T1αYβ´newQ bQp »
Tα´newQ bQp that takes Tr to Tr, and the freeness of T
1αYβ´new
Q and T
α´new
Q asW pkq-modules (which
for the former is a standard consequence of m being non-Eisenstein), we have T1αYβ´newQ » T
α´new
Q ,
an isomorphism of local W pkq-algebras. We consider an auxiliary set Q “ tq1, ¨ ¨ ¨ , qnu as in
Theorem 1 (see also Example 2.19) such that RQ´newSYQ » T
Q´new
Q »W pkq.
Theorem 4.1. Let ρ¯ : ΓQ Ñ GL2pkq be an odd, semistable, irreducible modular mod p ą 3
surjective representation that arises from S2pΓ0pNpρ¯qp
δq. Assume that the minimal dual Selmer
for ρ¯ is not zero. Then there is a finite ordered set of primes Q “ tq1, ¨ ¨ ¨ , qnu that are special for
ρ¯ such that:
‚ RQ´newSYQ “ W pkq and R
Q´new
SYQ “ T
Q´new
Q , and the corresponding Galois representation
ρQ´new : ΓQ Ñ GL2pW pkqq, has the following properties:
‚ ρQ´newpτqq, for τq a generator of the Zp-quotient of the inertia group Iq at q, is of the formˆ
1 pd
0 1
˙
, for all q P Q for an integer d ě 1;
‚ For each 1 ď i ď r, there is a subset Qi of Q that omits qi and contains tq1, ¨ ¨ ¨ , qi´1u, such
that RQi´newSYQi “ T
Qi´new
Qi
“W pkq and ρQ´new is congruent modulo pd to ρQi´new.
If the minimal dual Selmer for ρ¯ is zero, then as there is a minimal modular lift of ρ¯, we have
an automorphy lifting theorem in the minimal case. Thus the non-vanishing of the minimal dual
Selmer is not too burdensome an assumption.
Proof. The assertions related to the set of primes Q and subsets Qi with R
Q´new
Q , R
Qi´new
Qi
“W pkq
and the congruences between ρQi´new and ρQ´new follow from Theorem 2.17 and its specialisation
Theorem 1. The assertions that RQi´newQi “ T
Qi´new
Qi
follow from this upon using the level raising
results of [DT94].

We sketch the proof of the result below to go from restricted modularity lifting theorems to more
general ones: we are reproving known results by a new method which exploits the independent
level lowering congruences our work produces in Theorem 4.1.
Corollary 4.2. Keeping the notation above, we deduce an isomorphism RSYQ “ TQ.
Proof. The argument is very similar to loc. cit. and the main ingredients are:
– Wiles’s numerical isomorphism criterion
– Level raising results of Diamond and Taylor in [DT94]
– Quantitative level lowering as in Theorem 4.1
– Gorenstein properties of Hecke algebras arising from Shimura curves (results of [Hel07]; we
may invoke these as for q P Q, q is not 1 mod p).
In loc. cit. we used an idea of level substitution mod pn to deduce an RQ “ TQ theorem
from RQ´newQ “ T
Q´new
Q . Here we use use Theorem 4.1 instead of the level substitution step of
[Kha03, §4]. The strategy is to drop the newness conditions at tqnu, tqn, qn´1u, . . ., and prove
successively starting with RQ´newSYQ “ T
Q´new
Q , that R
Qztqnu´new
SYQ “ T
Qztqnu´new
Q , R
Qztqn,qn´1u´new
SYQ “
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T
Qztqn,qn´1u´new
Q , . . ., ultimately proving RSYQ “ TQ. We will focus on the first step, i.e., deduce
R
Qn´new
SYQ “ T
Qn´new
Q from W pkq “ R
Q´new
SYQ “ T
Q´new
Q , where Qn “ Qztqnu.
Using Theorem 4.1, we have augmentations π : TQ Ñ T
Q´new
Q “ W pkq, π
1 : TQ Ñ T
Qn´new
Q “
W pkq such that π and π1 are congruent mod pd and π1 does not factor through TQ´newQ . Further it
is known (see Section 8 of [Hel07] and note that we are assuming our primes q are not 1 mod p) the
Hecke algebra TQn´newQ is Gorenstein. We denote below, abusing notation, by π all the morphisms
Tα´newQ ÑW pkq induced by the augmentation π : TQ ÑW pkq for all subsets α of Q.
We claim that the ideal πpAnn
T
Qn´new
Q
pkerpπqqq of W pkq is contained in
pnπpAnn
T
Q´new
Q
pkerpπqqq “ ppdq.
To prove the claim the two ingredients are the morphism π1 : TQr´newQ Ñ W pkq which does not
factor through TQ´newQ by construction, and the fact that the Hecke algebra T
Qn´new
Q is Gorenstein.
For ease of notation set T1 “ TQn´newQ and T “ T
Q´new
Q and β : T
1 Ñ T the natural map. Recall
that we are denoting by π both the fixed augmentation π : TÑW pkq and its pullback to T1
We justify the claim using these 2 ingredients as in [Kha03, proof of claim, pg. 216] (see also
Lemma A.10), an argument that is due to the referee of that paper. Because T and T1 Gorenstein,
we have that
πpAnnT1pkerpπqqq “ πpAnnT1pkerpβqqqπpAnnTpkerpπqqq
as ideals of W pkq. Choose a x P kerpβq such that π1pxq ‰ 0. Consider y P AnnT1pkerpβqq. Then as
xy “ 0 this implies π1pxyq “ 0, which implies π1pyq “ 0, which implies πpyq P pdW pkq as π1 and π
are congruent mod pd which proves the claim.
This combined with the injection of the cotangent space at (the pull-back) π : RQr´newQ into
W pkq{pnW pkq (see Lemma 3.8 above or [Kha03, Proposition 2]), and the Wiles numerical criterion
gives an isomorphism RQn´newQ “ T
Qn´new
Q . Iterating the argument yields that RQ “ TQ.

Appendix A. Wiles numerical isomorphism criterion
Wiles, in his work on the modularity of elliptic curves [Wil95], proved a numerical criterion for
a complete Noetherian local O-algebra A which is:
– finite flat over O,
– and with an augmentation πA : A Ñ O with ΦA :“ pKerπAq{pKerπAq
2 a finite abelian
group
to be a complete intersection of dimension 1. Here O is a discrete valuation ring that is finite over
Zp. He used this criterion to deduce that isomorphisms of deformation rings and Hecke algebras at
minimal level also imply such isomorphisms at non-minimal levels.
We generalize in §A.1 the Wiles criterion, which was later refined by Lenstra [Len95], for rings A
that we do not assume are finite over O, but assume have depth at least one (weaker than assuming
A is flat over O). Our results, Propositions A.1 and A.6, are refinements of a theorem that is due
to Wiles and Lenstra [DDT97, Theorem 5.27]. The proof of Proposition A.1 is easily deduced from
the work of Wiebe [Wie69] and that of Proposition A.6 is a variant of arguments of Wiles and
Lenstra.
Our motivation was to find a sufficient criterion given pA, πAq with ΦA finite, for A being of
dimension one. Taking a cue from the Wiles–Lenstra criterion, we guessed this should be implied
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by the numerical equality #ΦA “ #O{ηA, with ηA “ πApAnnpKerpπAqqq. Proposition A.1 verifies
that the numerical equality implies A is a complete intersection of dimension 1 if and only if A is
of depth one. We raise the question (without assuming that A is of depth one) whether just the
numerical equality implies that A is of dimension 1.
A.1. A refinement of Wiles’s numerical isomorphism criterion. All rings will be commu-
tative, Noetherian and also local and complete. Some of the statements make sense without the
completeness condition but they can be immediately reduced to the complete case.
We try to follow as much as possible the notations of [DDT97]. So O will always be a discrete
valuation ring but we do not usually assume that it is a finite extension of Zp or that the rings
being considered are O-algebras.
For a complete local ring pA,mAq as above we consider a surjection πA : A Ñ O such that
ΦA :“ KerpπAq{pKerpπAqq
2 is of finite length. It follows, as in [DDT97, Section 5.2], that for
ηA :“ πApAnnpKerpπAqqq we have that O{ηA is also of finite length and
(A.1) ℓpΦAq ě ℓpO{ηAq .
Hereafter, we will refer to the data πA : AÑ O as above simply as an augmented ring.
Our first goal is to prove the following generalisation of the Wiles–Lenstra criterion for complete
intersections.
Proposition A.1. Let πA : AÑ O be an augmented ring such that ℓpΦAq is finite and depthpAq ě
1. Then A is a complete intersection ring iff ℓpΦAq “ ℓpO{ηAq.
The main improvement over the original result of Wiles, as extended by Lenstra, is that we
have no other finiteness assumption on A. The condition on the depth is implied by the finite free
condition in the setup of Wiles.
Proof. We first prove the forward direction:
For an ideal I in a ring R, we denote by FittpIq the zeroth Fitting ideal of I and recall that
FittpIq Ă AnnpIq. Therefore FittpKerpπAqq Ă AnnpKerpπAqq. The equality ℓpΦAq “ ℓpO{ηAq
implies that πApFittpKerpπAqqq “ πApAnnpKerpπAqqq. Since ΦA is finite, the supports of KerpπAq
and AnnpKerpπAqq intersect only in the closed point of SpecpAq. Since the depth of A is at least
one, A cannot contain any nonzero submodule supported on the closed point of SpecpAq, hence
AnnpKerpπAqq X KerpπAq “ t0u and πA is injective when restricted to AnnpKerpπAqq. It follows
that FittpKerpπAqq “ AnnpKerpπAqq.
The set of zero-divisors in any ring is the union of the finte set of associated primes. Since
the maximal ideal of A is not an associated prime, it follows from the “prime avoidance lemma”
([BH93, Lemma 1.2.2]) that there exists a non-zero divisor x P A such that πApxq is a uniformizer
of O; equivalently, x and KerpπAq generate mA. Let A :“ A{pxq and let p : AÑ A be the quotient
map. By construction, we have that ppKerpπAqq “ mA and so ppAnnpKerpπAqqq Ă AnnpmAq.
Let y be any element of AnnpKerpπAqq with πApyq a generator of ηA. If ppyq “ 0, then there
exists a P A so that y “ ax. For any b P KerπA, we have by “ abx “ 0. Since x is a non-zero
divisor, we must have ab “ 0 and so a P AnnpKerpπAqq. But since y “ ax and πApxq is not a unit,
this is a contradiction. Thus, ppAnnpKerpπAqqq ‰ t0u and so FittpmAq ‰ 0. It then follows from a
theorem of Wiebe ([Wie69, Satz 3], [BH93, Theorem 2.3.16]) that A is a zero dimensional complete
intersection ring and so, since x is a non-zero divisor, that A is also a complete intersection ring
(of dimension one).
The converse direction is an easy consequence of a result of Tate as in [Wie69, Satz 2]: this shows
that FittpKerpπAqq “ AnnpKerpπAqq and so the desired equality follows by applying πA. Moreover,
since A is a one dimensional complete intersection, its depth is equal to one. 
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We note that de Smit and Schoof [dSRS97] have also used Wiebe’s theorem to give a generali-
sation of the the Wiles–Lenstra criterion, but in a different direction.
The depth condition in Proposition A.1 is essential: if A is a complete intersection and I Ă
pKerpπAqq
n is any ideal, then the equality of lengths continues to hold for A{I (with its induced
augmentation) if n " 0 (cf. [DDT97, Remark 5.2.5]). However, all examples that we know of are
of dimension one. We are thus led to ask:
Question A.2. Let πA : A Ñ O be an augmented ring. If ℓpΦAq is finite and equal to ℓpO{ηAq,
then is A one dimensional?
We say that an augmented ring pA, πAq is well presented if A » OrrX1, ¨ ¨ ¨ ,Xrss{pf1, ¨ ¨ ¨ , frq.
An answer to the following related question would also be relevant in applications:
Question A.3. Let πA : A Ñ O be an augmented ring that is well-presented. If ℓpΦAq is finite
and equal to ℓpO{ηAq, then is A a complete intersection of dimension one?
A stronger version of Question A.2, suggested by some computer calculations, is
Question A.4. Let πA : AÑ O be an augmented ring. Is it always true that
ℓpΦAq ě ℓpO{ηAq ` dimpAq ´ 1 ?
Here is a modest result in support of an affirmative answer to the question above.
Lemma A.5. Let πA : AÑ O be an augmented ring of dimension d. If A is a quotient of a regular
local ring R with dimpRq “ d` 1, then ℓpΦAq ě ℓpO{ηAq ` d´ 1.
Proof. We just sketch the proof since we do not use it later.
If dimpAq “ 1, there is nothing to prove so we may assume that dimpAq ą 1. Choose a surjection
p : R Ñ A as in the statement of the lemma and let f1, . . . , fr be generators of J “ Kerppq. Let
D Ă SpecpAq be an irreducible component with dimpDq “ dimpAq. Since R is a UFD, D is the
zero set of an irreducible element g P mR, and we have for all i, fi “ gf
1
i for some f
1
i in mR. Let
J 1 “ pf 11, . . . , f
1
rq and set A
1 “ R{J 1. Since g R K :“ KerπA ˝ p, f
1
i P K for all i, so we have a
factorisation of πA through a map πA1 : A
1 Ñ O.
By construction, we have J “ gJ 1. This implies that pJ : Kq “ gpJ 1 : Kq and so
πApAnnpKerpπAqqq “ πA ˝ ppgqπA1pAnnpKerpπA1qqq .
On the other hand, we have
πApFittpKerpπAqqq “ πA ˝ ppg
dqπA1pFittpKerpπA1qqq ,
since K is generated by a subset of a regular system of parameters of R of size d. We conclude
using the trivial inequality ℓpΦA1q ě ℓpO{ηA1q and the fact that πA ˝ ppgq is not a unit in O 
A.2. The isomorphism criterion. The isomorphism criterion of Wiles–Lenstra [DDT97, Theo-
rem 5.28] can also be extended to our setting.
Proposition A.6. Let φ : AÑ B be a surjective map of augmented rings with B of depth one. If
ℓpΦAq ď ℓpO{ηBq ă 8 then the map is an isomorphism and the rings are complete intersections.
Proof. The standard inequalities imply that
ℓpΦAq “ ℓpΦBq “ ℓpO{ηBq “ ℓpO{ηAq
so it follows from Proposition A.1 that B is a complete intersection. Let x in B be a non-zero
divisor mapping to a uniformizer of O and let x1 be any element of A lifting x; x1 and KerπA then
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generate mA. It follows that FittpmA{x1q ‰ t0u since it maps onto FittpmB{xq. We conclude that
A{x1 is also a zero dimensional complete intersection, so A is one dimensional.
Now by applying Lemma A.7 we choose a complete intersection augmented ring A˜ with a sur-
jective map to A inducing an isomorphism ΦA˜ Ñ ΦA. Since
ℓpΦAq “ ℓpΦA˜q ě ℓpO{ηA˜q ě ℓpO{ηBq “ ℓpΦBq,
we deduce that ℓpO{ηA˜q “ ℓpO{ηBq. Finally, by applying Lemma A.8 we deduce that φ is an
isomorphism. 
Lemma A.7. Let A be a one dimensional augmented ring such that ΦA is of finite length. Then
there is a map of augmented rings A˜Ñ A which induces an isomorphism ΦA˜ Ñ ΦA and such that
A˜ is a complete intersection.
This is the version of [DDT97, Theorem 5.26] that we shall need.
Proof. Let R be a regular local ring of dimension d` 1 with a surjection ψ : RÑ A. We view R as
an augmented ring via the map πR :“ πA ˝ψ. Since O is a dvr, KerπR is generated by d elements,
so ΦR is a free O-module of rank d. Therefore, the kernel K of the map ΦR Ñ ΦA is also generated
by d elements. We let f1, . . . , fd be elements in I :“ Kerψ whose images in ΦR generate K; this is
possible since ψ induces a surjection pKerpπRqq
2 Ñ pKerpπAqq
2.
Let f 11 “ f1. Having chosen f
1
1, . . . , f
1
i in I for some i, 1 ď i ă d, so that the dimension
of Ri “ R{pf
1
1, . . . , f
1
iq is d ` 1 ´ i and such that f
1
i ” fi mod pKerpπRqq
2, we apply the prime
avoidance lemma [BH93, Lemma 1.2.2]3 to the primes corresponding to the generic points of the
irreducible components of SpecpRiq to find f
1
i`1 P I such that f
1
i`1 ” fi`1 mod pKerpπRqq
2 and
Ri`1 “ Ri{pf
1
i`1q has dimension equal to d´ i.
We let A˜ :“ Rd “ R{pf
1
1, . . . , f
1
dq. By construction A˜ is one dimensional and since f
1
i ” fi
mod pKerπRq
2, the map ΦA˜ Ñ ΦA is an isomorphism. 
Lemma A.8. Let φ : A Ñ B be a surjective morphism of augmented rings. If A is a complete
intersection, B has depth one, and ηA “ ηB ‰ p0q, then φ is an isomorphism.
This is essentially [DDT97, Theorem 5.24]; the depth condition replaces the flatness condition
therein. Also, as in loc. cit. we only need that A be Gorenstein.
Proof. We follow the proof of [DDT97, Theorem 5.24] with appropriate modifications. We first
note that since ηA ‰ p0q and A is a complete intersection we have that A is one dimensional and
then since B is a quotient of A and is augmented, it is also one dimensional.
Since A is a one dimensional complete intersection, its depth is one, so as in the proof of Propo-
sition A.1, we have
(A.2) KerpπAq XAnnApKerpπAqq “ p0q
and similarly for B. As in the proof of [DDT97, Theorem 5.24], we get an exact sequence
(A.3) 0Ñ Kerpφq ‘AnnApKerpπAqq Ñ AÑ B{pAnnBpKerpπBqqq Ñ 0
of A-modules. Furthermore, we have a natural injection
B{pAnnBpKerpπBqqq Ñ EndBpKerpπBqq .
Since B has depth one, KerpπBq also has depth one since an element of B which is a non-zero divisor
for any B-module is trivially a non-zero divisor of any submodule. This implies that EndBpKerpπBqq
and so also B{pAnnB KerpπBqq have depth one (use the same element!).
3In the notation of [BH93] we take M “ R, x1 “ fi`1 and x2, . . . , xn to be generators of I X pKerpπRqq
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Now we use that A is Gorenstein, so by Lemma A.9 we have Ext1ApB{pAnnBpKerpπBqqq, Aq “ 0.
Thus we get a surjection
(A.4) A – HomApA,Aq Ñ HomApKerpφq, Aq ‘HomApAnnApKerpπAqq, Aq Ñ 0 .
Both summands in (A.4) are non-zero—consider the tautological inclusions—if Kerpφq is non-zero.
This leads to a contradiction by tensoring the sequence with A{mA and using Nakayama’s lemma
as in [DDT97].

A.3. Annihilators and Gorenstein rings. The statement of Lemma A.10 below (when B is
Gorenstein) is very close to a statement on page 216 of [Kha03], which is due to the referee of that
paper.
We first collect some well-known facts about Gorenstein local rings.
Lemma A.9. Let A be a Gorenstein local ring. Then
(1) For any finite A-module M with depthpMq “ dimpAq, we have ExtiApM,Aq “ 0 for i ą 0.
Consequently, the functor M ÞÑ M˚ :“ HomApM,Aq preserves exact sequences of such
modules; moreover, pM˚q˚ is canonically isomorphic to M .
(2) Let B be a Cohen–Macaulay local ring of the same dimension as A and φ : A Ñ B a
homomorphism which makes B into a finite A-module. Then B˚ – B as an A-module iff
B is Gorenstein.
Proof. The first part of (1) follows from [BH93, Corollary 3.5.11] since A, being Gorenstein, is a
canonical module for itself. The preservation of exact sequences then follows from the vanishing of
Ext1A. The isomorphism of pM
˚q˚ is a consequence of the fact that A (as a complex in degee 0) is a
dualising complex for A and then the vanishing of the ExtiA for i ą 0 implies that RHomApM,Aq “
M˚.
(2) follows from duality for the finite map φ : since A is Gorenstein we have that RHomApB,Aq,
which is isomorphic to B˚ under the depth assumption, is a dualising complex for B, so it is
isomorphic to B iff B is Gorenstein.

Lemma A.10. Let A be a one dimensional Gorenstein local ring with an augmentation πA : AÑ O
with ℓpΦAq ă 8. If πA factors through a surjection φ : A Ñ B with B a Cohen–Macaulay ring,
then
πApAnnApKerpπAqqq “ πApAnnApKerpφqqqπBpAnnBpKerpπBqqq
where πB : B Ñ O is the induced surjection.
Proof. If φ is an isomorphism the formula is a tautology, so may assume this is not the case. Then
Kerpφq, being a nonzero submodule of A, has depth one. Of course B and O also have depth one.
Applying the functor HomApO,´q to the exact sequence of A-modules
(A.5) 0Ñ Kerpφq Ñ AÑ B Ñ 0
and using Lemma A.9, we get an exact sequence
0Ñ HomApO,Kerpφqq Ñ HomApO, Aq Ñ HomApO, Bq Ñ Ext
1
ApO,Kerpφqq Ñ 0.
Now HomApO, Aq “ AnnApKerpπAqq – πApAnnpKerpπAqqq where the second isomorphism follows
from the fact that A has depth one and the kernel of the map AnnApKerpπAqq Ñ πApAnnApKerpπAqqq
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is supported on the closed point of SpecpAq by ℓpΦAq ă 8. The same statements hold with A re-
placed by B since B also has depth one and ℓpΦBq ď ℓpΦAq. It follows that to prove the lemma we
must show that
(A.6) ℓpExt1ApO,Kerpφqqq “ ℓpO{πApAnnApKerpφqqqq.
Dualising the sequence (A.5) (and using Lemma A.9) we get an exact sequence
0Ñ B˚ Ñ A˚ Ñ Kerpφq˚ Ñ 0.
Of course A˚ “ A and B˚ “ AnnApKerpφqq. We now apply the functor HomAp´,O
˚q to this
sequence to get an exact sequence
0Ñ HomApKerpφq
˚,O˚q Ñ HomApA,O
˚q
p
Ñ HomApAnnApKerpφqq,O
˚q Ñ Ext1ApKerpφq
˚,O˚q Ñ 0.
Since O˚ “ HomApO, Aq “ AnnApKerpπAqq – πApAnnApKerpπAqqq Ă O the map p is the same
as the natural map πApAnnpKerpπAqqq Ñ HomOpAnnApKerpφqqbAO, πApAnnpKerpπAqqqq induced
by the inclusion of Kerpφq in A. Tensoring the exact sequence
0Ñ AnnApKerpφqq Ñ AÑ A{AnnApKerpφqq Ñ 0
withO we see that the kernel of the natural surjective map AnnApKerpφqqbAO Ñ πApAnnApKerpφqqq
is torsion: this follows from the condition ℓpΦAq ă 8 which implies that ℓpTor
A
1 pA{AnnpKerpφqq,Oqq
is finite. Thus,
HomOpAnnApKerpφqqbAO, πApAnnpKerpπAqqqq “ HomOpπApAnnApKerpφqqq, πApAnnpKerpπAqqqq,
so we deduce that ℓpCokerppqq “ ℓpO{πApAnnApKerpφqqqq. By duality, i.e, Lemma A.9, it follows
that (A.6) holds, so the lemma is proved. 
Remark A.11. Although we only use Lemma A.10 when B is Gorenstein, the case that A is
a complete intersection (so Gorenstein) and B is Cohen–Macaulay plays a crucial role in other
applications [BKM20].
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